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Abstract

We introduce two new model comparison games that characterize sep-
arability by first-order formulas with generalized quantifiers. One is built
on the Ehrenfeucht–Fräıssé game and the other is a formula-size game.

1 Introduction

Due to the limited expressive power of first-order logic, several extensions of it
have been studied, some of which are obtained by the addition of generalized
quantifiers. Clearly, by increasing the expressive power of a logic, more differ-
ences between models can be expressed, i.e., the logic can separate more models.
This leads to studying the characterization of structures separable in the given
logic. Some authors have used games to study the separability of models: Ko-
laitis and Väänänen in [5] with pebble games, Hella and Väänänen in [3] with
a formula-size game, and Haber and Shelah in [2] with the Ehrenfeucht–Fräıssé
(EF) game.

In this article, we introduce variations of these games that characterize sep-
arability in FO(𝒬), which is first-order logic whose quantifiers belong to a finite
set 𝒬 of generalized quantifiers.1 We prove that the EF-game characterizes
separability by quantifier depth, and that the formula-size game characterizes
separability by formula size. When 𝒬 = {∃, ∀}, our logic coincides with ordi-
nary first-order logic; our games, however, differ from the classical ones, as they
are designed to handle arbitrary (and in particular, non-monotone) quantifiers.

Further, instead of using normal forms, as Hella and Väänänen in [3], our
version of the formula-size game does not assume negation normal form, but
instead treats negation as a regular logical operator that contributes to the
length of the formula. We also introduce a notion of weak separability, where
each pair of structures is separated individually rather than by a single uniform

1Note that our notation of FO(𝒬) thus differs from the literature [8, 1], since instead of
extending FO we replace the existential and universal quantifiers with the quantifiers in 𝒬.
Of course 𝒬 may still contain ∃ and ∀.
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formula. We show that weak and strong separability coincide when separating
finitely many structures, and give a game characterization of weak separability.

Some of the ideas for these games originate from the articles [6] and [7]. Using
these intuitions, an extension of the bisimulation game to cover propositional
logic extended with a finite collection of generalized modalities that strongly
resembles the EF-game described in Section 3 was given in [4].

2 Preliminaries

2.1 Definitions and Notations

We denote the set of non-negative integers by N and the set of positive integers
by Z+. We denote the 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) by boldface x and the (𝑚+1)-tuple
(𝑥1, . . . , 𝑥𝑚, 𝑦) by x𝑦. For all 1 ≤ 𝑖 ≤ 𝑚, we denote the 𝑖th element of the tuple
as x(𝑖) = 𝑥𝑖.

We consider relational models with a finite vocabulary 𝜏 = {𝑅1, . . . , 𝑅𝑛},
where each 𝑅𝑖 has an arity of 𝑘𝑖 ∈ Z+. A 𝜏-model is a pair A = (𝐴, 𝑇 ), where
𝐴 is a non-empty (possibly infinite) set called the domain of the model and 𝑇
is a function that maps each 𝑘-ary relation symbol 𝑅 ∈ 𝜏 to a set of 𝑘-tuples
of the domain, i.e., 𝑅A := 𝑇 (𝑅) ∈ 𝒫(𝐴𝑘). Models A,B are always written in
Fraktur typeface, their domains 𝐴,𝐵 in regular typeface and classes of models
𝒜,ℬ in calligraphic typeface.

We denote the countably infinite set of variable symbols or simply vari-
ables by VAR := {𝑥𝑖 | 𝑖 ∈ Z+}. Often, we use the usual meta-variables 𝑥, 𝑦, 𝑧
to denote variables. Let 𝑋 ⊆ VAR be finite and A be a model. A (variable)
assignment over A is a (possibly empty) function 𝑓 : 𝑋 → 𝐴. If 𝑥 ∈ VAR and
𝑎 ∈ 𝐴, then the assignment 𝑓 𝑎

𝑥
: 𝑋∪{𝑥} → 𝐴 is defined such that 𝑓 𝑎

𝑥 (𝑦) = 𝑓(𝑦)
if 𝑦 ̸= 𝑥 and 𝑓 𝑎

𝑥 (𝑦) = 𝑎 if 𝑦 = 𝑥. By just 𝑎
𝑥 we denote the assignment {(𝑥, 𝑎)}.

For ease of exposition, in the main section of the paper we only consider the
simplest class of generalized quantifiers: those that quantify a single formula
that binds a single variable. We can generalize this notion by allowing the
quantification of multiple formulas (higher width) that bind multiple variables
(higher type). All results in this paper hold for quantifiers with arbitrary, finite
width and type; see Appendix A for the formal definitions and proofs.

A generalized quantifier of width 1 and type 1 is an isomorphism-
closed class 𝑄 of structures (𝐷,𝑃 ) where 𝑃 ⊆ 𝐷. Let 𝒬 be a finite collection of
such generalized quantifiers. The set of 𝜏 -formulas of first-order logic with
the quantifiers 𝒬 (FO(𝒬)) is generated by the following grammar:

𝜙 ::= 𝑥1 = 𝑥2 | 𝑅(𝑥1, . . . , 𝑥𝑘) | ¬𝜙 | 𝜙 ∧ 𝜙 | 𝑄𝑥1 𝜙,

where 𝑥1, 𝑥2, . . . , 𝑥𝑘 ∈ VAR, 𝑅 ∈ 𝜏 has arity 𝑘 and 𝑄 ∈ 𝒬. It is important
to keep in mind that the set 𝒬 does not necessarily include the existential or
universal quantifier, which is where our notation of FO(𝒬) differs from the
literature [8, 1]. Formulas constructed with only the first two rules are called
atomic, and as usual, disjunction 𝜙∨𝜓 is defined as shorthand for ¬(¬𝜙∧¬𝜓).
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We say that a variable 𝑥 is free in a formula 𝜙 if it does not appear under
the scope of a quantifier 𝑄𝑥. We denote a formula 𝜙 that has (at least) the free
variables 𝑥1, . . . , 𝑥𝑘 by 𝜙(𝑥1, . . . , 𝑥𝑘). A formula with no free variables is called
a sentence.

Let A be a 𝜏 -model and 𝑓 be an assignment over A whose domain includes
all free variables of the formula being evaluated. The semantics of FO(𝒬) are
as follows:

1. A, 𝑓 |= 𝑥1 = 𝑥2 ⇐⇒ 𝑓(𝑥1) = 𝑓(𝑥2).

2. A, 𝑓 |= 𝑅(𝑥1, . . . , 𝑥𝑘) ⇐⇒ (𝑓(𝑥1), . . . , 𝑓(𝑥𝑘)) ∈ 𝑅A.

3. A, 𝑓 |= ¬𝜙 ⇐⇒ A, 𝑓 ̸|= 𝜙.

4. A, 𝑓 |= 𝜙 ∧ 𝜓 ⇐⇒ A, 𝑓 |= 𝜙 and A, 𝑓 |= 𝜓.

5. A, 𝑓 |= 𝑄𝑥𝜙 ⇐⇒ (𝐴,‖𝜙‖A,𝑓
𝑥 ) ∈ 𝑄,

where
‖𝜙‖A,𝑓

𝑥 := {𝑎 | A, 𝑓 𝑎
𝑥
|= 𝜙}

is the extension of 𝜙 relative to (A, 𝑓) and 𝑥, i.e., the set of points that can be
interpreted as 𝑥 such that 𝜙 is satisfied.

We also denote the pair (A, ∅) as simply A, which gives rise to denoting
A |= 𝜙 if A, ∅ |= 𝜙; of course, this notation only makes sense if 𝜙 is a sentence.
Two formulas 𝜙 and 𝜓 are equivalent if A, 𝑓 |= 𝜙 ⇐⇒ A, 𝑓 |= 𝜓 for all models
A and assignments 𝑓 .

Finally, we say that (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬) if there is a
formula 𝜙 ∈ FO(𝒬) such that A, 𝑓 |= 𝜙 and B, 𝑔 ̸|= 𝜙. Otherwise, we say that
they are equivalent in FO(𝒬) and write A, 𝑓 ≡FO(𝒬) B, 𝑔.

2.2 Types

In this subsection, we prove two useful results that show that any set of points
closed under equivalence in FO(𝒬), or more generally any finite collection of
such sets, can be captured by a formula of FO(𝒬).

The quantifier depth of an FO(𝒬)-formula is the maximum number of
nested quantifiers in the formula. We use FO(𝒬)𝑑 to denote the set of formulas
of FO(𝒬) that have a quantifier depth of at most 𝑑, and ≡𝑑

FO(𝒬) to denote

equivalence in FO(𝒬)𝑑.
Let A be a 𝜏 -model with assignment 𝑓 , and let 𝑥 ∈ VAR. We say that a

subset 𝑋 ⊆ 𝐴 of the domain is closed under ≡𝑑
FO(𝒬) relative to (A, 𝑓) and 𝑥

if 𝑎 ∈ 𝑋 and A, 𝑓 𝑎
𝑥 ≡𝑑

FO(𝒬) A, 𝑓
𝑎′

𝑥 implies 𝑎′ ∈ 𝑋, and that 𝑋 is definable by

a formula 𝜙 relative to (A, 𝑓) and 𝑥 if ‖𝜙‖A,𝑓
𝑥 = 𝑋.

For each 𝑎 ∈ 𝐴, the 𝑑-type of 𝑎 relative to (A, 𝑓) and 𝑥 is the equivalence
class

[𝑎]𝑑𝑥 := {𝑏 ∈ 𝐴 | A, 𝑓 𝑎
𝑥
≡𝑑

FO(𝒬) A, 𝑓
𝑏

𝑥
}.
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Since the definition of a 𝑑-type is directly based on equivalence in FO(𝒬)𝑑, it
is rather easy to see that all 𝑑-types are indeed definable in FO(𝒬)𝑑. The only
non-obvious part is showing that the defining formula is finitary, which it is for
all models with finite index.

Lemma 2.1. Let A be a 𝜏 -model with assignment 𝑓 , where 𝜏 is finite. Then for
each 𝑑 ∈ N and 𝑎 ∈ 𝐴, the 𝑑-type [𝑎]𝑑𝑥 is definable by a formula 𝜒𝑑

𝑎(𝑥) ∈ FO(𝒬)𝑑.

Proof. We proceed by induction on 𝑑.
Base case. Let Φ be a maximal set of non-equivalent atomic formulas of

FO(𝒬) with free variables in dom(𝑓)∪{𝑥}. Since dom(𝑓) and 𝜏 are both finite,
Φ is also finite. Let Φ𝑎 := {𝜙 ∈ Φ | A, 𝑓 𝑎

𝑥 |= 𝜙}. Now, the desired formula is

𝜒0
𝑎(𝑥) :=

⋀︁
𝜙∈Φ𝑎

𝜙 ∧
⋀︁

𝜙∈Φ∖Φ𝑎

¬𝜙,

since A, 𝑓 𝑏
𝑥 |= 𝜒0

𝑎(𝑥) if and only if 𝑏 ∈ [𝑎]0𝑥.
Induction case. Suppose the class [𝑎]𝑑𝑥 is definable by a formula 𝜒𝑑

𝑎(𝑥) ∈
FO(𝒬)𝑑 for some 𝑑 ∈ N. Each 𝑏 ∈ [𝑎]𝑑𝑥 ∖ [𝑎]𝑑+1

𝑥 is separated from 𝑎 by some
formula of depth 𝑑+1, which is, without loss of generality, of the form 𝜃𝑏(𝑥) :=
𝑄𝑏𝑦 𝜓𝑏(𝑥, 𝑦), where 𝑄𝑏 ∈ 𝒬 and 𝜓𝑏(𝑥, 𝑦) ∈ FO(𝒬)𝑑; here, “separated” means

that A, 𝑓 𝑣
𝑥 |= 𝜃𝑏(𝑥) for each 𝑣 ∈ [𝑎]𝑑+1

𝑥 and A, 𝑓 𝑣′

𝑥 ̸|= 𝜃𝑏(𝑥) for each 𝑣
′ ∈ [𝑏]𝑑+1

𝑥 .
We verify that [𝑎]𝑑𝑥 splits into finitely many (𝑑 + 1)-types, so that the con-

struction below is finitary. By the induction hypothesis, the 𝑑-types for pairs
(𝑥, 𝑦) are finitely many, and hence there are finitely many non-equivalent for-
mulas 𝜓𝑏(𝑥, 𝑦) ∈ FO(𝒬)𝑑. Combined with the finiteness of 𝒬, the number of
non-equivalent formulas 𝜃𝑏(𝑥) is finite, so [𝑎]𝑑𝑥 contains finitely many (𝑑 + 1)-
types.

Let 𝑏1, . . . , 𝑏𝑘 be representatives of the (𝑑 + 1)-types in [𝑎]𝑑𝑥 ∖ [𝑎]𝑑+1
𝑥 . The

desired formula is thus

𝜒𝑑+1
𝑎 (𝑥) := 𝜒𝑑

𝑎(𝑥) ∧
𝑘⋀︁

𝑖=1

𝜃𝑏𝑖(𝑥),

since A, 𝑓 𝑣
𝑥 |= 𝜒𝑑+1

𝑎 (𝑥) if and only if 𝑣 ∈ [𝑎]𝑑𝑥 (by the induction hypothesis) and
𝑣 /∈ [𝑏]𝑑+1

𝑥 for each 𝑏 ∈ [𝑎]𝑑𝑥 ∖ [𝑎]𝑑+1
𝑥 .

Corollary 2.2. Let A be a 𝜏 -model with assignment 𝑓 , where 𝜏 is finite. Then
each 𝑋 ⊆ 𝐴 closed under ≡𝑑

FO(𝒬) is definable by a formula 𝜃(𝑥) ∈ FO(𝒬)𝑑.

Proof. By the closure assumption, 𝑋 is a union of 𝑑-types. Let 𝑎1, . . . , 𝑎𝑘 ∈ 𝑋
be representatives of the 𝑑-types in 𝑋. Then 𝜃(𝑥) :=

⋁︀𝑘
𝑖=1 𝜒

𝑑
𝑎𝑖
(𝑥) defines 𝑋.

3 The EF-Game for Generalized Quantifiers

In this section, we present our EF-game that characterizes separability in FO(𝒬)
by quantifier depth. The core idea is to modify the regular EF-game such that
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instead of individual points, sets of points belonging to the quantifiers in 𝒬 are
chosen.

We say that a pair of assignments (𝑓, 𝑔) with dom(𝑓) = dom(𝑔) induces a
partial isomorphism between 𝜏 -models A and B if (A, 𝑓) and (B, 𝑔) agree
on all atomic formulas, i.e., A, 𝑓 |= 𝛼 if and only if B, 𝑔 |= 𝛼 for every atomic
formula 𝛼 with free variables in dom(𝑓).

Definition 3.1. Let A and B be 𝜏 -models, where 𝜏 is finite, and let 𝑓 and 𝑔 be
(possibly empty) assignments over A andB respectively with dom(𝑓) = dom(𝑔).
The EF{𝒬}(A,B, 𝑓, 𝑔)-game is a two-player game that starts from the position
(A,B, 𝑓, 𝑔), with Player I starting as the attacker and Player II starting as the
defender. The 𝑖th round proceeds from a position (M,N, ℎ, ℎ′), where ℎ and
ℎ′ are assignments over M and N with dom(ℎ) = dom(ℎ′), as follows:

1. The attacker chooses a quantifier 𝑄 ∈ 𝒬 and a variable 𝑥 ∈ VAR.

2. The attacker chooses a witness set 𝑋 from the domain of either model
(without loss of generality, suppose 𝑋 ⊆𝑀) such that (𝑀,𝑋) ∈ 𝑄 and a
spillover set 𝑃 ⊆ 𝑁 from the domain of the other model.2

3. The defender chooses a corresponding witness set𝑋 ′ ⊆ 𝑁 from the domain
of the other model such that (𝑁,𝑋 ′) ∈ 𝑄 and 𝑃 ⊆ 𝑋 ′.

4. The attacker does one of the following:

(a) Chooses 𝑣′ ∈ 𝑁∖𝑋 ′ and 𝑣 ∈ 𝑋. The players swap roles. The next

position is (M,N, ℎ 𝑣
𝑥 , ℎ

′ 𝑣′

𝑥 ).

(b) Chooses 𝑣′ ∈ 𝑋 ′. The defender now either

• chooses 𝑣 ∈ 𝑋, after which the next position is (M,N, ℎ 𝑣
𝑥 , ℎ

′ 𝑣′

𝑥 ),
or

• chooses 𝑣 ∈ 𝑃 , after which the next position is (N,N, 𝑣𝑥 ,
𝑣′

𝑥 ).

5. Let (M′,N′, ℎ*, ℎ
′
*) be the position determined in the previous step. If the

pair (ℎ*, ℎ
′
*) does not induce a partial isomorphism between M′ and N′,

then the game ends and the attacker wins. Otherwise a new round begins
from this position.

At any point during steps 2–3, immediately after a set is chosen, the opposing
player may contest that choice instead of letting the round continue normally.
When a contestation occurs, the remaining steps of the round are skipped and
replaced as follows:

• Contesting a witness set. After 𝑋 is chosen in step 2 or 𝑋 ′ is chosen
in step 3, the opposing player may contest that the set breaks equivalence
by choosing 𝑢 ∈ 𝑌 and 𝑢′ ∈𝑊 ∖𝑌 , where 𝑌 is the contested set and 𝑊 is

2Another way to think about model selection is to give the attacker the option to switch
which model is called M and which N before he chooses the sets.
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its domain. If the contesting player is the attacker, then the players swap
roles. The next position is (W,W, ℎ𝑊

𝑢
𝑥 , ℎ𝑊

𝑢′

𝑥 ), where ℎ𝑊 = ℎ if 𝑊 =𝑀
and ℎ𝑊 = ℎ′ if 𝑊 = 𝑁 .

• Contesting a spillover set. After 𝑃 is chosen in step 2, the opposing
player may contest that it contains a type realized in𝑀 by choosing 𝑣′ ∈ 𝑃
and 𝑣 ∈𝑀 . The next position is (M,N, ℎ 𝑣

𝑥 , ℎ
′ 𝑣′

𝑥 ).

In both cases, the game then proceeds to step 5: the partial isomorphism check
is performed on the new position, and if it passes, a new round begins from that
position.

Notice that Player I always plays the first move of the first round of the
game, but each subsequent round can be started by either Player I or Player II,
depending on which one of them is the attacker. If at any point a player must
make a move but cannot do so (e.g. there does not exist an 𝑋 ⊆ 𝑀 such that
(𝑀,𝑋) ∈ 𝑄), then the other player wins immediately.

The intuition for the game is as follows (cf. Figure 1). First, if the formula
separating A and B is 𝑄𝑥𝜙, then the strategy for the attacker is to choose 𝑋
to be precisely the extension of 𝜙 in A. The defender cannot respond with an
equivalent 𝑋 ′, since either it is too small (meaning it does not capture enough
points that satisfy 𝜙, which the attacker points out with his first option) or
too large (meaning that some point in it does not satisfy 𝜙, which the attacker
points out with his second option). The point of the spillover set is to force
the defender to also include those types that satisfy 𝜙 but are not realized in
A. The point of the contestation rules is to ensure that neither player cheats by
choosing a witness set that is not expressible in FO(𝒬), and that the attacker’s
choice of the spillover set includes only types not realized in A.

By restricting the amount of rounds played 𝑑, we obtain a limit for the quan-
tifier depth of the separating formula. The winner of the EF𝑑{𝒬}(A,B, 𝑓, 𝑔)-
game is defined recursively as follows:

1. The EF0{𝒬}(A,B, 𝑓, 𝑔)-game is won by Player I if the pair (𝑓, 𝑔) does not
induce a partial isomorphism between A and B. Otherwise, it is won by
Player II.

2. The EF𝑑+1{𝒬}(A,B, 𝑓, 𝑔)-game is won by Player II if Player I has not
won the game after 𝑑+ 1 rounds have been played.

Lemma 3.2. Player I has a winning strategy in the EF0{𝒬}(A,B, 𝑓, 𝑔)-game
if and only if (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬)0.

Proof. ( =⇒ ): If Player I wins the 0-round game, then (𝑓, 𝑔) does not induce
a partial isomorphism. This means there exists an atomic formula 𝛼 with free
variables in dom(𝑓) such that A, 𝑓 |= 𝛼 and B, 𝑔 ̸|= 𝛼 (or vice versa, in which
case ¬𝛼 separates them). Thus (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬)0.

( ⇐= ): If (𝑓, 𝑔) induces a partial isomorphism, then (A, 𝑓) and (B, 𝑔) agree
on all atomic formulas, and hence on all Boolean combinations thereof. Thus
they are not separable in FO(𝒬)0.
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𝑋 = ‖𝐵(𝑥) ∨𝑅(𝑥)‖A𝑥

(a) The model A.

𝑋 ′ ̸= ‖𝐵(𝑥) ∨𝑅(𝑥)‖B1
𝑥

𝑃

(b) The model B1.

𝑋 ′ ̸= ‖𝐵(𝑥) ∨𝑅(𝑥)‖B2
𝑥

𝑃

(c) The model B2.

Figure 1: Suppose the quantifier ∃=3, meaning “there exist exactly three”, is in
𝒬, and suppose 𝜏 = {𝑅,𝐵} where 𝑅 and 𝐵 are both unary. The model A is
separated from bothB1 andB2 by the formula ∃=3𝑥 (𝐵(𝑥)∨𝑅(𝑥)), where nodes
in the interpretation of 𝐵 are coloured in blue and nodes in the interpretation of
𝑅 in red. Player I thus has a winning strategy in the respective EF{𝒬}-games
by choosing the witness set 𝑋 and the spillover set 𝑃 , since Player II’s witness
set 𝑋 ′ is then either too small in B1 (since it must exclude a point that is blue)
or too large in B2 (since it must include a point that is neither blue nor red).

We now make the induction hypothesis that the following two statements
are equivalent for some 𝑑 ∈ N, for all 𝜏 -models A,B, and for all assignments
𝑓, 𝑔 over A and B with dom(𝑓) = dom(𝑔):

1. Player I has a winning strategy in the EF𝑑{𝒬}(A,B, 𝑓, 𝑔)-game.

2. (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬)𝑑.

Lemma 3.3. If Player I has a winning strategy in the EF𝑑+1{𝒬}(A,B, 𝑓, 𝑔)-
game, then (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬)𝑑+1.

Proof. Assume contrapositively that (A, 𝑓) and (B, 𝑔) are equivalent in FO(𝒬)𝑑+1.
Suppose Player I chooses a quantifier 𝑄 ∈ 𝒬, a variable 𝑥 ∈ VAR, a witness set
𝑋 ⊆ 𝐴 and a spillover set 𝑃 ⊆ 𝐵.

We begin by observing that the first contestation rule forces the players to
choose witness sets that are closed under ≡𝑑

FO(𝒬) relative to their respective
models and assignments and 𝑥, i.e., are unions of 𝑑-types. Otherwise, Player
II could pick 𝑣 ∈ 𝑋 and 𝑣′ ∈ 𝐴 ∖ 𝑋 such that A, 𝑓 𝑣

𝑥 ≡𝑑
FO(𝒬) A, 𝑓 𝑣′

𝑥 , granting

them a winning strategy by the induction hypothesis (and the same applies for
Player I contesting 𝑋 ′).

By Corollary 2.2, the witness set 𝑋 is thus defined by the disjunction of
the formulas defining the 𝑑-types contained in 𝑋; formally, 𝑋 =‖𝜃‖A,𝑓

𝑥 , where
𝜃 :=

⋁︀
1≤𝑖≤𝑘 𝜒

𝑑
𝑎𝑖
, the points 𝑎1, . . . , 𝑎𝑘 are representatives of the 𝑑-types realized
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in 𝑋, and each 𝜒𝑑
𝑎𝑖

is the defining formula of [𝑎𝑖]
𝑑
𝑥 as in the proof of Lemma

2.1. Similarly, there exists a formula 𝜓 ∈ FO(𝒬)𝑑 that defines the closure of 𝑃
under ≡𝑑

FO(𝒬), i.e., such that

‖𝜓‖B,𝑔
𝑥 = 𝑃 ∪ {𝑣 ∈ 𝐵 | B, 𝑔 𝑣

𝑥
≡𝑑

FO(𝒬) B, 𝑔
𝑣′

𝑥
for some 𝑣′ ∈ 𝑃}.

By the second contestation rule, the extension of 𝜓 in A is empty; otherwise
there would exist a point 𝑣 ∈ 𝐴 such that A, 𝑓 𝑣

𝑥 ≡𝑑
FO(𝒬) B, 𝑔

𝑣′

𝑥 for some 𝑣′ ∈ 𝑃 ,

and Player II could choose the pair (𝑣, 𝑣′) and obtain a winning strategy by the
induction hypothesis.

Since‖𝜃‖A,𝑓
𝑥 = 𝑋 and‖𝜓‖A,𝑓

𝑥 = ∅, we have‖𝜃 ∨ 𝜓‖A,𝑓
𝑥 = 𝑋, which combined

with the fact that (𝐴,𝑋) ∈ 𝑄 implies that A, 𝑓 |= 𝑄𝑥(𝜃 ∨ 𝜓). Recalling the
assumption that (A, 𝑓) and (B, 𝑔) are equivalent in FO(𝒬)𝑑+1, we thus also
have B, 𝑔 |= 𝑄𝑥(𝜃 ∨ 𝜓). The strategy for Player II is now to respond with the

witness set 𝑋 ′ =‖𝜃 ∨ 𝜓‖B,𝑔
𝑥 , to which Player I has two possible responses:

1. Suppose Player I chooses 𝑣′ ∈ 𝐵 ∖ 𝑋 ′ and 𝑣 ∈ 𝑋 and the players swap

roles. Since A, 𝑓 𝑣
𝑥 |= 𝜃 and B, 𝑔 𝑣′

𝑥 ̸|= 𝜃, then (A, 𝑓 𝑣
𝑥 ) and (B, 𝑔 𝑣′

𝑥 ) are
separable in FO(𝒬)𝑑. By the induction hypothesis, the attacker, who is
now Player II, thus has a winning strategy from this position.

2. Suppose Player I chooses 𝑣′ ∈ 𝑋 ′.

(a) If 𝑣′ ∈ ‖𝜓‖B,𝑔
𝑥 , then since ‖𝜓‖B,𝑔

𝑥 is the closure of 𝑃 under ≡𝑑
FO(𝒬),

there exists a 𝑣 ∈ 𝑃 such that B, 𝑔 𝑣′

𝑥 ≡𝑑
FO(𝒬) B, 𝑔 𝑣

𝑥 . The defender

chooses this 𝑣, and the game continues from (B,B, 𝑣𝑥 ,
𝑣′

𝑥 ). By the
induction hypothesis, Player II has a winning strategy from this po-
sition.

(b) If 𝑣′ ∈ ‖𝜃‖B,𝑔
𝑥 , then 𝑣′ satisfies the defining formula of some 𝑑-type

present in 𝜃; denote it by 𝜒𝑑
𝑎𝑖
. Then Player II simply selects the point

𝑣 ∈ 𝑋 that satisfies the same formula 𝜒𝑑
𝑎𝑖
. Since these points belong

to the same 𝑑-type, we have A, 𝑓 𝑣
𝑥 ≡𝑑

FO(𝒬) B, 𝑔 𝑣′

𝑥 , which, by the
induction hypothesis, means Player II has a winning strategy from
this position.

Lemma 3.4. If (A, 𝑓) and (B, 𝑔) are separable in FO(𝒬)𝑑+1, then Player I has
a winning strategy in the EF𝑑+1{𝒬}(A,B, 𝑓, 𝑔)-game.

Proof. Without loss of generality, assume that A, 𝑓 |= 𝑄𝑥𝜙 and B, 𝑔 |= ¬𝑄𝑥𝜙
for some 𝑄 ∈ 𝒬, 𝑥 ∈ VAR and 𝜙 ∈ FO(𝒬)𝑑. Player I begins the winning

strategy by choosing 𝑄, the variable 𝑥, the witness set 𝑋 := ‖𝜙‖A,𝑓
𝑥 , and the

spillover set

𝑃 := {𝑣′ ∈‖𝜙‖B,𝑔
𝑥 | B, 𝑔 𝑣

′

𝑥
̸≡𝑑

FO(𝒬) A, 𝑓
𝑣

𝑥
for all 𝑣 ∈ 𝐴}.
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Clearly𝑋 is closed under ≡𝑑
FO(𝒬), which means Player II contesting the choice of

𝑋 would give Player I a winning strategy. Moreover, if Player II would contest
the choice of 𝑃 , then since B, 𝑔 𝑣′

𝑥 ̸≡𝑑
FO(𝒬) A, 𝑓 𝑣

𝑥 for all 𝑣′ ∈ 𝑃 and 𝑣 ∈ 𝐴, by
the induction hypothesis, Player I would have a winning strategy.

Player II must thus choose a witness set 𝑋 ′ of their own. Since B, 𝑔 |=
¬𝑄𝑥𝜙, we know that (𝐵,‖𝜙‖B,𝑔

𝑥 ) /∈ 𝑄 and hence 𝑋 ′ ̸= ‖𝜙‖B,𝑔
𝑥 . We now have

two cases:

1. Suppose there exists a 𝑣′ ∈ 𝑋 ′ such that B, 𝑔 𝑣′

𝑥 |= ¬𝜙. By the definition
of 𝑃 , we have 𝑣′ ∈ 𝑋 ′ ∖𝑃 . Player I now chooses 𝑣′ and Player II is forced
to respond by choosing 𝑣 ∈ 𝑋 such that A, 𝑓 𝑣

𝑥 |= 𝜙 or 𝑣 ∈ 𝑃 such that
B, 𝑔 𝑣

𝑥 |= 𝜙. Since in both cases 𝑣 is separated from 𝑣′ by 𝜙 ∈ FO(𝒬)𝑑, by
the induction hypothesis, we conclude that the attacker, i.e. Player I, has
a winning strategy from this position.

2. Suppose there exists 𝑣′ ∈ 𝐵 ∖𝑋 ′ such that B, 𝑔 𝑣′

𝑥 |= 𝜙. Since 𝑃 ⊆ 𝑋 ′, we

have 𝑣′ /∈ 𝑃 and by the definition of 𝑃 , we have B, 𝑔 𝑣′

𝑥 ≡𝑑
FO(𝒬) A, 𝑓

𝑣
𝑥 for

some 𝑣 ∈ 𝐴. Hence A, 𝑓 𝑣
𝑥 |= 𝜙, so 𝑣 ∈ 𝑋. Player I now chooses 𝑣′ and 𝑣

and becomes the defender. By the induction hypothesis, the defender, i.e.
Player I, has a winning strategy from this position.

Since A and B are separable in FO(𝒬) if and only if there is a 𝑑 ∈ N such
that A and B are separable in FO(𝒬)𝑑, we now have the desired result.

Theorem 3.5. Player I has a winning strategy in the EF{𝒬}(A,B, ∅, ∅)-game
if and only if A and B are separable in FO(𝒬).

4 The Formula-Size Game for Generalized Quan-
tifiers

In this section, we present a game that characterizes a more fine-grained distinc-
tion between models by measuring the smallest size of their separating formula.
This is a modification of the formula-size game originally introduced for FO by
Hella and Väänänen [3]. Our game extends this to FO(𝒬) and also considers
the effect of negation on the size of the formula.

The size 𝑠(𝜙) of an FO(𝒬)-formula 𝜙 is defined recursively as follows:

1. 𝑠(𝜙) := 1 for atomic 𝜙.

2. 𝑠(¬𝜙) := 𝑠(𝜙) + 1.

3. 𝑠(𝜙 ∧ 𝜓) := 𝑠(𝜙) + 𝑠(𝜓).

4. 𝑠(𝑄𝑥𝜙) := 𝑠(𝜙) + 1 for all 𝑄 ∈ 𝒬.
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4.1 Playing Between Classes

We call a pair (A, 𝑓), where A is a model and 𝑓 is an assignment over A, a 𝜏-
pair. Consider classes of these pairs. We say that two such classes 𝒜 and ℬ are
separable in FO(𝒬) if there is a formula 𝜙 ∈ FO(𝒬) such that A, 𝑓 |= 𝜙 for all
(A, 𝑓) ∈ 𝒜 and B, 𝑔 ̸|= 𝜙 for all (B, 𝑔) ∈ ℬ. Notice that 𝒜 and ℬ are possibly
empty, and that the empty class is separable from any other class, including
itself.

Definition 4.1. Let𝒜 and ℬ be classes of 𝜏 -pairs and 𝑠 ∈ Z+ be a budget. The
EF𝑠{𝒬}(𝒜,ℬ)-game is a two-player game that starts in the position (𝑠,𝒜,ℬ).
The 𝑖th round proceeds from the position (𝑠𝑖,𝒜𝑖,ℬ𝑖) as follows:

1. If there is an atomic FO(𝒬)-formula that separates 𝒜𝑖 and ℬ𝑖, then the
game ends and Player I wins.

2. Otherwise, if 𝑠𝑖 = 1, then the game ends and Player II wins.

3. If neither of the above conditions holds, then Player I chooses one of the
following three options:

(a) Swap classes (negation). A new round begins from the position
(𝑠𝑖 − 1,ℬ𝑖,𝒜𝑖).

(b) Right splitting move (conjunction). Player I chooses 𝑢, 𝑣 ∈ Z+

such that 𝑢+𝑣 = 𝑠𝑖, and chooses (possibly overlapping) sets 𝒞,𝒟 ⊆ ℬ𝑖

such that 𝒞 ∪ 𝒟 = ℬ𝑖. Player II then responds by choosing whether
the next round starts from the position (𝑢,𝒜𝑖, 𝒞) or from the position
(𝑣,𝒜𝑖,𝒟).

(c) Supplementing move (quantifier). Player I first chooses a quan-
tifier 𝑄 ∈ 𝒬 and a variable symbol 𝑥 ∈ VAR. Player I then chooses
a function 𝑃 : 𝒜𝑖 ∪ ℬ𝑖 →

⋃︀
{𝒫(𝐶) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖} such that

𝑃 (C, ℎ) ∈ 𝒫(𝐶) and

(𝐴,𝑃 (A, 𝑓)) ∈ 𝑄 for all (A, 𝑓) ∈ 𝒜𝑖 and

(𝐵,𝑃 (B, 𝑔)) /∈ 𝑄 for all (B, 𝑔) ∈ ℬ𝑖.

(If such a 𝑃 does not exist, Player I cannot choose this move.) The
next round then starts from the position (𝑠𝑖 − 1, 𝒞+, 𝒞−), where

𝒞+ := {(C, ℎ 𝑣
𝑥
) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖 and 𝑣 ∈ 𝑃 (C, ℎ)} and

𝒞− := {(C, ℎ 𝑣
𝑥
) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖 and 𝑣 ∈ 𝐶 ∖ 𝑃 (C, ℎ)}.

Intuitively, Player I wants to move precisely those models (from both classes)
that satisfy the formula 𝑄𝑥𝜙 to the left and those models that don’t to the right.
So, for each model, he picks a subset of the domain that can be captured by the
quantifier; models extended with an atom from within that subset go to the left
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and those extended with an atom from outside that subset go to the right. If
𝑄𝑥𝜙 indeed separates the classes, Player I can pick 𝑃 such that the split works
as intended. And if Player I can pick 𝑃 such that the split works as intended
(i.e., if Player I has a winning strategy in the game), by the definitions of the
𝒞-classes and 𝑃 , there must be a formula that separates the classes. See the
proof below.

Theorem 4.2. Player I has a winning strategy in the EF𝑠{𝒬}(𝒜,ℬ)-game if
and only if 𝒜 and ℬ are separable by a formula of FO(𝒬) of size ≤ 𝑠.

Proof. Base case. Let 𝑠 = 1. By definition, Player I wins the EF1{𝒬}(𝒜,ℬ)-
game if and only if there is an atomic formula 𝜙 (which is thus of size 1) that
separates 𝒜 and ℬ.

Suppose now that 𝑠 > 1 and that the statement holds for all 𝑙 < 𝑠.
Induction case: negation. Suppose Player I has a winning strategy for

the EF𝑠{𝑄}(𝒜,ℬ)-game that begins by swapping the classes. This is true if and
only if Player I has a winning strategy in the EF𝑠−1{𝑄}(ℬ,𝒜)-game. By the
induction hypothesis, this is equivalent to ℬ and 𝒜 being separated by some
formula 𝜙 of size ≤ 𝑠− 1. By the definition of separation, this is equivalent to
𝒜 and ℬ being separated by ¬𝜙, which is of size ≤ 𝑠.

Induction case: conjunction. We first prove the =⇒ direction. Sup-
pose Player I has a winning strategy for the 𝑠-game that begins by choosing
𝑢, 𝑣 ∈ Z+ such that 𝑢 + 𝑣 = 𝑠 and 𝒞,𝒟 ⊆ ℬ such that 𝒞 ∪ 𝒟 = ℬ. Since
the strategy is winning, Player I has a winning strategy in both EF𝑢{𝒬}(𝒜, 𝒞)
and EF𝑣{𝒬}(𝒜,𝒟). By the induction hypothesis, there thus exist formulas 𝜙
and 𝜓 such that 𝑠(𝜙) ≤ 𝑢 and 𝑠(𝜓) ≤ 𝑣, and such that 𝒜 and 𝒞 are separated
by 𝜙 and 𝒜 and 𝒟 are separated by 𝜓. By the definition of separation, this
means A, 𝑓 |= 𝜙 and A, 𝑓 |= 𝜓, and hence A, 𝑓 |= 𝜙 ∧ 𝜓 for all (A, 𝑓) ∈ 𝒜.
Moreover, B, 𝑔 ̸|= 𝜙 for all (B, 𝑔) ∈ 𝒞 and B, 𝑔 ̸|= 𝜓 for all (B, 𝑔) ∈ 𝒟. Thus
B, 𝑔 ̸|= 𝜙∧𝜓 for all (B, 𝑔) ∈ ℬ. This means 𝒜 and ℬ are separated by 𝜙∧𝜓 of
length 𝑠(𝜙 ∧ 𝜓) = 𝑠(𝜙) + 𝑠(𝜓) ≤ 𝑢+ 𝑣 = 𝑠.

We then prove the ⇐= direction. Suppose 𝜙 ∧ 𝜓 of size ≤ 𝑠 separates 𝒜
and ℬ. Let 𝒞 := {(B, 𝑔) ∈ ℬ | B, 𝑔 ̸|= 𝜙} and 𝒟 := {(B, 𝑔) ∈ ℬ | B, 𝑔 ̸|= 𝜓}.
Since B, 𝑔 ̸|= 𝜙 ∧ 𝜓 for all (B, 𝑔) ∈ ℬ, we have ℬ = 𝒞 ∪ 𝒟. Moreover, since
A, 𝑓 |= 𝜙∧𝜓 for all (A, 𝑓) ∈ 𝒜, we see that 𝜙 separates 𝒜 and 𝒞 and 𝜓 separates
𝒜 and 𝒟. Also, since 𝑠(𝜙 ∧ 𝜓) ≤ 𝑠, there exist 𝑢, 𝑣 ∈ Z+ such that 𝑢 ≥ 𝑠(𝜙),
𝑣 ≥ 𝑠(𝜓) and 𝑢 + 𝑣 = 𝑠. By the induction hypothesis, Player I has a winning
strategy in the games EF𝑢(𝒜, 𝒞) and EF𝑣(𝒜,𝒟). Player I thus has a winning
strategy in the EF𝑠{𝒬}(𝒜,ℬ)-game by choosing 𝑢, 𝑣, 𝒞 and 𝒟 as his first move.

Induction case: quantifier. We first prove the =⇒ direction. Suppose
Player I has a winning strategy for the 𝑠-game that begins by choosing 𝑄 ∈ 𝒬, a
variable 𝑥 ∈ VAR and a function 𝑃 , inducing the sets 𝒞+ and 𝒞−. Since Player
I now has a winning strategy for the EF𝑠−1{𝒬}(𝒞+, 𝒞−)-game, by the induction
hypothesis, there exists a formula 𝜙 of size ≤ 𝑠− 1 that separates 𝒞+ and 𝒞−.

We first show that 𝑃 (C, ℎ) = ‖𝜙‖C,ℎ𝑥 for all (C, ℎ) ∈ 𝒜 ∪ ℬ. If 𝑣 ∈ 𝑃 (C, ℎ),
then (C, ℎ 𝑣

𝑥 ) ∈ 𝒞+ by definition, so C, ℎ 𝑣
𝑥 |= 𝜙 by separation. Conversely, if

𝑣 /∈ 𝑃 (C, ℎ), then (C, ℎ 𝑣
𝑥 ) ∈ 𝒞− by definition, so C, ℎ 𝑣

𝑥 ̸|= 𝜙 by separation.
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Together, we thus have 𝑣 ∈ 𝑃 (C, ℎ) ⇐⇒ C, ℎ 𝑣
𝑥 |= 𝜙, establishing the desired

equality.
It follows that for all (A, 𝑓) ∈ 𝒜, we have 𝑃 (A, 𝑓) = ‖𝜙‖A,𝑓

𝑥 , and since
(𝐴,𝑃 (A, 𝑓)) ∈ 𝑄 by the definition of 𝑃 , we conclude A, 𝑓 |= 𝑄𝑥𝜙. Similarly,

for all (B, 𝑔) ∈ ℬ, we have 𝑃 (B, 𝑔) = ‖𝜙‖B,𝑔
𝑥 , and since (𝐵,𝑃 (B, 𝑔)) /∈ 𝑄 by

the definition of 𝑃 , we conclude B, 𝑔 ̸|= 𝑄𝑥𝜙. Thus 𝑄𝑥𝜙 of size ≤ 𝑠 separates
𝒜 and ℬ.

We then prove the ⇐= direction. Suppose 𝑄𝑥𝜙 of size ≤ 𝑠 separates 𝒜 and
ℬ. Player I chooses 𝑃 such that 𝑃 (C, ℎ) :=‖𝜙‖C,ℎ𝑥 for all (C, ℎ) ∈ 𝒜∪ℬ. This is
a valid move, since for all (A, 𝑓) ∈ 𝒜, we have A, 𝑓 |= 𝑄𝑥𝜙, so (𝐴,𝑃 (A, 𝑓)) ∈ 𝑄,
and for all (B, 𝑔) ∈ ℬ, we have B, 𝑔 ̸|= 𝑄𝑥𝜙, so (𝐵,𝑃 (B, 𝑔)) /∈ 𝑄.

The game continues from the position (𝑠− 1, 𝒞+, 𝒞−). Now, for any (C, ℎ) ∈
𝒜 ∪ ℬ and 𝑣 ∈ 𝐶, if 𝑣 ∈ 𝑃 (C, ℎ), then C, ℎ 𝑣

𝑥 |= 𝜙 and (C, ℎ 𝑣
𝑥 ) ∈ 𝒞+, and if

𝑣 /∈ 𝑃 (C, ℎ), then C, ℎ 𝑣
𝑥 ̸|= 𝜙 and (C, ℎ 𝑣

𝑥 ) ∈ 𝒞−. Thus 𝒞+ and 𝒞− are separated
by 𝜙, and since 𝜙 is of size ≤ 𝑠− 1, by the induction hypothesis, Player I has a
winning strategy from this position.

4.2 Playing Between Models

There are multiple ways to interpret the statement “𝒜 and ℬ are separable”,
and the one we have used so far results in a rather strong condition. In this
subsection, we investigate an alternative, weaker notion of separability. We
say that two classes of 𝜏 -pairs 𝒜 and ℬ are weakly separable in FO(𝒬) if
for all (A, 𝑓) ∈ 𝒜 and (B, 𝑔) ∈ ℬ, there is a formula 𝜙 ∈ FO(𝒬) such that
A, 𝑓 |= 𝜙 and B, 𝑔 ̸|= 𝜙. It is not hard to see that when the classes are infinite,
separability implies weak separability but weak separability does not necessarily
imply separability.

Example 4.3. Let 𝒬 = {∃,∀} and 𝜏 = {𝑃}, where 𝑃 is unary. For all 𝑛 ∈ Z+,
let A𝑛 be the model with domain N such that A𝑛 |= ∃=𝑛𝑥 𝑃 (𝑥). (Note that
∃=𝑛 can be expressed using ordinary first-order quantifiers.) Clearly the classes
{A𝑛 | 𝑛 is odd} and {A𝑛 | 𝑛 is even} are weakly separable but not separable.

The reason why we played with possibly infinite model classes in the previous
section was because we wanted to characterize specifically the stronger notion
of separability. If we restrict to the finite case, these two notions of separability
coincide. One way of showing this is simply to define a náıve version of the
formula-size game where Player II first picks the model pair to separate, and
the game is then played on singletons formed from that pair.

Definition 4.4. Let 𝒜 and ℬ be classes of 𝜏 -pairs. The EF*
𝑠{𝒬}(𝒜,ℬ)-game

is a two-player game that starts in the position (𝑠,𝒜,ℬ) as follows:

1. Player II chooses (A, 𝑓) ∈ 𝒜 and (B, 𝑔) ∈ ℬ.

2. Then, the EF𝑠{𝒬}({(A, 𝑓)}, {(B, 𝑔)})-game is played (with Player I mak-
ing the first move) to determine the winner.
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Corollary 4.5. Player I has a winning strategy in the EF*
𝑠{𝒬}(𝒜,ℬ)-game if

and only if 𝒜 and ℬ are weakly separable by formulas of FO(𝒬) of size ≤ 𝑠.

Proof. The following statements are equivalent, with the 2. ⇐⇒ 3. equivalence
being an implication of Theorem 4.2:

1. Player I has a winning strategy in the EF*
𝑠{𝒬}(𝒜,ℬ)-game.

2. For each (A, 𝑓) ∈ 𝒜 and (B, 𝑔) ∈ ℬ, Player I has a winning strategy for
the EF𝑠{𝒬}({(A, 𝑓)}, {(B, 𝑔)})-game.

3. For each (A, 𝑓) ∈ 𝒜 and (B, 𝑔) ∈ ℬ, the classes {(A, 𝑓)} and {(B, 𝑔)} are
separable by a formula of FO(𝒬) of size ≤ 𝑠.

4. For each (A, 𝑓) ∈ 𝒜 and (B, 𝑔) ∈ ℬ, there exists a formula 𝜙 of FO(𝒬) of
size ≤ 𝑠 such that A, 𝑓 |= 𝜙 and B, 𝑔 ̸|= 𝜙.

5. 𝒜 and ℬ are weakly separable by formulas of FO(𝒬) of size ≤ 𝑠.

Theorem 4.6. Let 𝒜 and ℬ be finite classes of 𝜏 -pairs. Then they are separable
in FO(𝒬) if and only if they are weakly separable in FO(𝒬).

Proof. If 𝒜 and ℬ are separable by a formula 𝜙 ∈ FO(𝒬), then they are clearly
weakly separable in FO(𝒬), since choosing 𝜙 for each pair suffices.

Suppose then that𝒜 and ℬ are weakly separable in FO(𝒬). For each (A, 𝑓) ∈
𝒜 and (B, 𝑔) ∈ ℬ, let 𝜙A,𝑓

B,𝑔 be a formula that separates the 𝜏 -pairs. Consider
now the disjunction

𝜓 :=
⋁︁

(A,𝑓)∈𝒜

⋀︁
(B,𝑔)∈ℬ

𝜙A,𝑓
B,𝑔,

which is a finitary formula of FO(𝒬) by the finiteness of 𝒜 and ℬ. Since by the

definition of weak separation each (A, 𝑓) ∈ 𝒜 satisfies 𝜙A,𝑓
B,𝑔 for every (B, 𝑔) ∈ ℬ,

we know that each (A, 𝑓) ∈ 𝒜 satisfies the conjunction
⋀︀

(B,𝑔)∈ℬ 𝜙
A,𝑓
B,𝑔 and hence

the disjunction 𝜓. Conversely, for each (B, 𝑔) ∈ ℬ and (A, 𝑓) ∈ 𝒜, the formula

𝜙A,𝑓
B,𝑔 is false in (B, 𝑔), and hence the conjunction

⋀︀
(B,𝑔)∈ℬ 𝜙

A,𝑓
B,𝑔 is false in (B, 𝑔).

Since this holds for every (A, 𝑓) ∈ 𝒜, the formula 𝜓 is false in (B, 𝑔). Thus 𝜓
separates 𝒜 and ℬ.

The game we used to prove this theorem is a rather heavy hammer, and
does not give Player II much agency. We now present a more natural version of
the game that is played directly between a pair of models. This game is more
suited for showing lower-bound separability results between individual models.

Definition 4.7. Let (A, 𝑓) and (B, 𝑔) be 𝜏 -pairs and 𝑠 ∈ Z+ be a budget.
The EF𝑠{𝒬}(A, 𝑓,B, 𝑔)-game is a two-player game that starts in the position
(𝑠,A, 𝑓,B, 𝑔). The 𝑖th round proceeds from the position (𝑠𝑖,M𝑖, ℎ𝑖,N𝑖, ℎ

′
𝑖) as

follows:

1. If there is an atomic FO(𝒬)-formula that separates (M𝑖, ℎ𝑖) and (N𝑖, ℎ
′
𝑖),

then the game ends and Player I wins.
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2. Otherwise, if 𝑠𝑖 = 1, then the game ends and Player II wins.

3. If neither of the above conditions holds, then Player I chooses one of the
following three options:

(a) Swap models (negation). A new round begins from the position
(𝑠𝑖 − 1,N𝑖, ℎ

′
𝑖,M𝑖, ℎ𝑖).

(b) Split budget (conjunction). Player I chooses 𝑢, 𝑣 ∈ Z+ such that
𝑢 + 𝑣 = 𝑠𝑖. Player II then responds by choosing whether the next
round starts from the position (𝑢,M𝑖, ℎ𝑖,N𝑖, ℎ

′
𝑖) or from the position

(𝑣,M𝑖, ℎ𝑖,N𝑖, ℎ
′
𝑖).

(c) Supplementing move (quantifier). Player I first chooses a quan-
tifier 𝑄 ∈ 𝒬 and a variable symbol 𝑥 ∈ VAR. Player I then chooses
subsets 𝑀 ′ ⊆𝑀 and 𝑁 ′ ⊆ 𝑁 such that (𝑀,𝑀 ′) ∈ 𝑄 and (𝑁,𝑁 ′) /∈
𝑄. (If no such choice exists, Player I cannot choose this move.) Player
II then picks one of the following:

• An element 𝑎 ∈𝑀 ′ and an element 𝑏 ∈ 𝑁 ∖𝑁 ′. The next position
is (𝑠𝑖 − 1,M𝑖, ℎ𝑖

𝑎
𝑥 ,N𝑖, ℎ

′
𝑖
𝑏
𝑥 ).

• An element 𝑎 ∈ 𝑀 ∖ 𝑀 ′ and an element 𝑏 ∈ 𝑁 ′. The next
position is (𝑠𝑖 − 1,N𝑖, ℎ

′
𝑖
𝑏
𝑥 ,M𝑖, ℎ𝑖

𝑎
𝑥 ).

• Two elements 𝑎 ∈ 𝑀 ′ and 𝑎′ ∈ 𝑀 ∖𝑀 ′. The next position is

(𝑠𝑖 − 1,M𝑖, ℎ𝑖
𝑎
𝑥 ,M𝑖, ℎ𝑖

𝑎′

𝑥 ).

• Two elements 𝑏 ∈ 𝑁 ′ and 𝑏′ ∈ 𝑁 ∖ 𝑁 ′. The next position is

(𝑠𝑖 − 1,N𝑖, ℎ
′
𝑖
𝑏
𝑥 ,N𝑖, ℎ

′
𝑖
𝑏′

𝑥 ).

Note that in this game, Player I never benefits from choosing the budget
splitting move. This is due to the fact that if (A, 𝑓) and (B, 𝑔) are separable by
a formula 𝜙 ∧ 𝜓, then they are also separable by either 𝜙 or 𝜓.

Lemma 4.8. If (A, 𝑓) and (B, 𝑔) are separable by a formula of FO(𝒬) of size
≤ 𝑠, then Player I has a winning strategy in the EF𝑠{𝒬}(A, 𝑓,B, 𝑔)-game.

Proof. Induction on 𝑠. The base case as well as the negation and conjunction
induction cases are as in the proof of Lemma 4.2, so it is sufficient to check the
quantifier case.

Suppose 𝑄𝑥𝜙 of size ≤ 𝑠 separates (A, 𝑓) from (B, 𝑔). Player I chooses 𝑄,
𝑥, 𝑀 ′ := ‖𝜙‖A,𝑓

𝑥 and 𝑁 ′ := ‖𝜙‖B,𝑔
𝑥 . This is a valid move since (𝐴,𝑀 ′) ∈ 𝑄 and

(𝐵,𝑁 ′) /∈ 𝑄. Player II now has four options:

• If Player II picks 𝑎 ∈𝑀 ′ and 𝑏 ∈ 𝑁 ∖𝑁 ′, then A, 𝑓 𝑎
𝑥 |= 𝜙 and B, 𝑔 𝑏

𝑥 ̸|= 𝜙,
so 𝜙 separates them. By the induction hypothesis, Player I wins at budget
𝑠− 1.

• If Player II picks 𝑎 ∈𝑀 ∖𝑀 ′ and 𝑏 ∈ 𝑁 ′, then B, 𝑔 𝑏
𝑥 |= 𝜙 and A, 𝑓 𝑎

𝑥 ̸|= 𝜙,

so 𝜙 separates (B, 𝑔 𝑏
𝑥 ) from (A, 𝑓 𝑎

𝑥 ). By the induction hypothesis, Player
I wins at budget 𝑠− 1 (note the swap of left/right).
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• If Player II picks 𝑎 ∈𝑀 ′ and 𝑎′ ∈𝑀∖𝑀 ′, then A, 𝑓 𝑎
𝑥 |= 𝜙 and A, 𝑓 𝑎′

𝑥 ̸|= 𝜙,
so 𝜙 separates them within A. By the induction hypothesis, Player I wins
at budget 𝑠− 1.

• If Player II picks 𝑏 ∈ 𝑁 ′ and 𝑏′ ∈ 𝑁 ∖𝑁 ′, then B, 𝑔 𝑏
𝑥 |= 𝜙 and B, 𝑔 𝑏′

𝑥 ̸|= 𝜙,
so 𝜙 separates them within B. By the induction hypothesis, Player I wins
at budget 𝑠− 1.

The converse of Lemma 4.8 does not hold in general: Player I may have a
winning strategy at budget 𝑠 even though the smallest separating formula is
strictly larger than 𝑠. The issue is that in the quantifier move, Player I’s choice
of 𝑀 ′ and 𝑁 ′ determines the intended extension of the subformula 𝜙, but the
induction hypothesis only yields a different separating formula for each of Player
II’s responses. Assembling a single 𝜙 with ‖𝜙‖A,𝑓

𝑥 =𝑀 ′ and ‖𝜙‖B,𝑔
𝑥 = 𝑁 ′ may

require a formula much larger than 𝑠 − 1, as demonstrated by the following
example.

Example 4.9. Let 𝜏 = {𝑃1, 𝑃2, 𝑃3} consist of three unary relations, let 𝒬 =
{∃=3}, and consider the models A with domain {𝑎1, 𝑎2, 𝑎3, 𝑎4} where 𝑃A

𝑖 = {𝑎𝑖}
for 𝑖 ≤ 3, and B with domain {𝑏} where 𝑃B

1 = 𝑃B
2 = 𝑃B

3 = ∅.
Player I wins the EF2{𝒬}(A, ∅,B, ∅)-game by choosing ∃=3, some variable

𝑥, 𝑀 ′ = {𝑎1, 𝑎2, 𝑎3} and 𝑁 ′ = ∅. For Player II’s third option (the only non-
trivial one, since 𝑁 ′ is empty), Player II picks some 𝑎𝑖 ∈𝑀 ′ and 𝑎4 ∈ 𝐴 ∖𝑀 ′.
The atomic formula 𝑃𝑖(𝑥) then separates them at budget 1.

However, no formula of size ≤ 1 defines 𝑀 ′ = {𝑎1, 𝑎2, 𝑎3} in A: the formula
𝑃1(𝑥)∨𝑃2(𝑥)∨𝑃3(𝑥) is needed, which has size strictly greater than 1 (even if we
treat disjunction as a primitive in the logical language, like conjunction). Thus
the smallest formula separating A from B is strictly larger than the budget at
which Player I wins.
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game for first order logics augmented with Lindström quantifiers. In Fields
of logic and computation. II, volume 9300 of Lecture Notes in Comput. Sci.,
pages 226–236. Springer, Cham, 2015. 1

[3] Lauri Hella and Jouko Väänänen. The size of a formula as a measure of
complexity. In Logic without Borders: Essays on Set Theory, Model Theory,

15



Philosophical Logic and Philosophy of Mathematics, pages 193–214. Walter
De Gruyter, 2015. 1, 9

[4] Reijo Jaakkola, Tomi Janhunen, Antti Kuusisto, Magdalena Ortiz, Matias
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A Quantifiers of Arbitrary Width and Type

In this section, we consider generalized quantifiers of arbitrary, finite width and
type, which can quantify multiple formulas that bind multiple variables.

Now that we deal with tuples of variables, we might encounter the case where
the same variable appears multiple times in a single tuple, e.g., in the formula
𝑄(𝑥𝑥𝑦)𝑅(𝑥, 𝑥, 𝑦). We handle this by requiring that to extend the assignment
with such a quantifier, the interpreted point tuple must respect this variable
repetition. Let x ∈ VAR𝑛 and a ∈ 𝐴𝑛 for some 𝑛 ∈ Z+. We say that a respects
x-repetitions if when x repeats a variable, a repeats the corresponding value,
i.e., if x(𝑖) = x(𝑗) for some 1 ≤ 𝑖, 𝑗 ≤ 𝑛 then a(𝑖) = a(𝑗). If each member
a ∈ 𝑋 ⊆ 𝐴𝑛 of a set of tuples respects x-repetitions, then we say that the set
𝑋 respects x-repetitions.

Recall that an assignment over A is a function 𝑓 : 𝑋 → 𝐴, where 𝑋 ⊆ VAR
is finite. If 𝑓 is an assignment over A and a respects x-repetitions, then 𝑓 a

x is
defined such that 𝑓 a

x (𝑦) = 𝑓(𝑦) if 𝑦 ̸= x(𝑖) for all 1 ≤ 𝑖 ≤ 𝑛, and 𝑓 a
x (𝑦) = a(𝑖) if

𝑦 = x(𝑖) for some 1 ≤ 𝑖 ≤ 𝑛. By just a
x we denote the assignment {(x(𝑖),a(𝑖)) |

1 ≤ 𝑖 ≤ 𝑛} (again requiring that a respects x-repetitions).
The extension of a formula 𝜙 in relation to x ∈ VAR𝑛 in the model A with

assignment 𝑓 is the set of tuples of points that, when interpreted as x, satisfy
𝜙, i.e., the set

‖𝜙‖A,𝑓
x := {a | A, 𝑓 a

x
|= 𝜙}.

A generalized quantifier of width 𝑘 ∈ Z+ and type n ∈ Z𝑘
+ is an

isomorphism-closed class 𝑄 of structures (𝐷,𝑃1, . . . , 𝑃𝑘) where 𝑃𝑖 ⊆ 𝐷n(𝑖) for
all 1 ≤ 𝑖 ≤ 𝑘. Let 𝒬 be a finite collection of such generalized quantifiers.
The set of 𝜏 -formulas of FO(𝒬) is generated by replacing the quantifier rule in
Section 2.1 with the following rule: if 𝜙1, . . . , 𝜙𝑘 are formulas of FO(𝒬), then
so is 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) for each 𝑄 ∈ 𝒬 of width 𝑘 and type n, where

x𝑖 ∈ VARn(𝑖) for all 1 ≤ 𝑖 ≤ 𝑘.
A variable 𝑥 ∈ VAR is free in 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) if it is free in some

𝜙𝑖 and does not appear in the corresponding x𝑖. Let A be a 𝜏 -model and 𝑓 be
an assignment over A whose domain includes all free variables of the formula
being evaluated. The semantics of FO(𝒬) are defined as in Section 2.1, replacing
clause 5 with:

A, 𝑓 |= 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) ⇐⇒ (𝐴,‖𝜙1‖A,𝑓
x1

, . . . ,‖𝜙𝑘‖A,𝑓
x𝑘

) ∈ 𝑄.

Example A.1. The existential quantifier ∃, used as ∃𝑥𝜙, has width 1 and
type (1). It quantifies a single formula that binds a single variable, and checks

whether ‖𝜙‖A,𝑓
𝑥 is nonempty.

The Härtig quantifier 𝐼, used as 𝐼 𝑥1, 𝑥2 (𝜙,𝜓), has width 2 and type (1, 1).
It quantifies two formulas, each binding a single variable, and checks whether
‖𝜙‖A,𝑓

𝑥1
and ‖𝜓‖A,𝑓

𝑥2
have the same cardinality.

The quantifier Ham, used as Ham(𝑥1𝑥2)𝜙, has width 1 and type (2). It
quantifies a single formula that binds a pair of variables, and checks whether the
binary relation‖𝜙‖A,𝑓

(𝑥1𝑥2)
⊆ 𝐴2 contains a Hamiltonian path through the domain.
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Let A be a 𝜏 -model with assignment 𝑓 , and let x ∈ VAR𝑛. We say that
a set 𝑋 ⊆ 𝐴𝑛 is closed under ≡𝑑

FO(𝒬) relative to (A, 𝑓) and x if a ∈ 𝑋 and

A, 𝑓 a
x ≡𝑑

FO(𝒬) A, 𝑓
a′

x implies a′ ∈ 𝑋, and that 𝑋 is definable by a formula 𝜙

relative to (A, 𝑓) and x if ‖𝜙‖A,𝑓
x = 𝑋.

For each 𝑛 ∈ Z+ and a ∈ 𝐴𝑛, we define the 𝑑-type of a relative to (A, 𝑓)
and the 𝑛-tuple of variables x ∈ VAR𝑛 to be

[a]𝑑x := {b ∈ 𝐴𝑛 | A, 𝑓 a
x

≡𝑑
FO(𝒬) A, 𝑓

b

x
}.

Lemma A.2. Lemma 2.1 and Corollary 2.2 hold also when 𝒬 is a finite col-
lection of quantifiers of arbitrary, finite width and type.

Proof. Base case. Let Φ be a maximal set of non-equivalent atomic formulas of
FO(𝒬) with free variables in dom(𝑓)∪ {x} and let Φa := {𝜙 ∈ Φ | A, 𝑓 a

x |= 𝜙}.
The set Φ is finite by similar reasoning as in Lemma 2.1. Now, the desired
formula is

𝜒0
a(x) :=

⋀︁
𝜙∈Φa

𝜙 ∧
⋀︁

𝜙∈Φ∖Φa

¬𝜙,

since A, 𝑓 b
x |= 𝜒0

a(x) if and only if 𝑏 ∈ [a]0x.
Induction case. For b ∈ [a]𝑑x ∖ [a]𝑑+1

x , the separating formula is, without
loss of generality, of the form

𝜃b(x) := 𝑄b y1, . . . ,y𝑘b
(𝜓1(x,y1), . . . , 𝜓𝑘b

(x,y𝑘b
)),

where 𝑄b has width 𝑘b and type (𝑛1, . . . , 𝑛𝑘b
), and each 𝜓𝑖(x,y𝑖) is a formula

of FO(𝒬)𝑑.
We now verify that [a]𝑑x splits into finitely many (𝑑+1)-types. By the induc-

tion hypothesis, each 𝜓𝑖(x,y𝑖) is a depth-𝑑 formula with free variables among x
and y𝑖, and since the 𝑑-types for tuples of length |x|+𝑛𝑖 are finitely many (by the
induction hypothesis applied at the appropriate tuple length), there are finitely
many non-equivalent such formulas. Combined with the finiteness of 𝒬 and
the finitely many choices of 𝑘-tuples of formulas, the number of non-equivalent
formulas 𝜃b(x) is finite. Hence [a]𝑑x contains finitely many (𝑑+ 1)-types.

Let b1, . . . ,b𝑘 be representatives of the (𝑑 + 1)-types in [a]𝑑x ∖ [a]𝑑+1
x . The

desired formula is thus

𝜒𝑑+1
a (x) := 𝜒𝑑

a(x) ∧
𝑘⋀︁

𝑖=1

𝜃b𝑖
(x).

Corollary 2.2 now follows as before.

A.1 EF-Game

Definition A.3. Let A and B be 𝜏 -models, where 𝜏 is finite, and let 𝑓 and
𝑔 be (possibly empty) assignments over A and B respectively, with dom(𝑓) =
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dom(𝑔). The EF{𝒬}(A,B, 𝑓, 𝑔)-game is a two-player game that starts from
the position (A,B, 𝑓, 𝑔), with Player I starting as the attacker and Player II
starting as the defender. The 𝑖th round proceeds from a position (M,N, ℎ, ℎ′),
where ℎ and ℎ′ are assignments over M and N respectively with dom(ℎ) =
dom(ℎ′), as follows:

1. The attacker chooses a quantifier 𝑄 ∈ 𝒬. Suppose it has width 𝑘 ∈ Z+

and type n ∈ Z𝑘
+. The attacker also chooses 𝑘 tuples of variable symbols

x1, . . . ,x𝑘, where x𝑗 ∈ VARn(𝑗) for each 1 ≤ 𝑗 ≤ 𝑘.

2. The attacker chooses 𝑘 witness sets𝑋1, . . . , 𝑋𝑘 from the domain of either
model (without loss of generality, suppose they are chosen from𝑀), where
each 𝑋𝑗 ⊆𝑀n(𝑗) respects x𝑗-repetitions, such that (𝑀,𝑋1, . . . , 𝑋𝑘) ∈ 𝑄.
The attacker also chooses 𝑘 spillover sets 𝑃1, . . . , 𝑃𝑘, where each 𝑃𝑗 ⊆
𝑁n(𝑗) respects x𝑗-repetitions.

3. The defender chooses corresponding witness sets 𝑋 ′
1, . . . , 𝑋

′
𝑘, where each

𝑋 ′
𝑗 ⊆ 𝑁n(𝑗) respects x𝑗-repetitions, such that (𝑁,𝑋 ′

1, . . . , 𝑋
′
𝑘) ∈ 𝑄 and

𝑃𝑗 ⊆ 𝑋 ′
𝑗 for all 1 ≤ 𝑗 ≤ 𝑘.

4. The attacker chooses 𝑗 ∈ {1, . . . , 𝑘} and one of the following:

(a) Chooses a w′ ∈ 𝑁n(𝑗) ∖𝑋 ′
𝑗 that respects x𝑗-repetitions and w ∈ 𝑋𝑗 .

The players swap roles. The next position is (M,N, ℎ w
x𝑗
, ℎ′w

′

x𝑗
).

(b) Chooses w′ ∈ 𝑋 ′
𝑗 . The defender now either:

• choosesw ∈ 𝑋𝑗 , after which the next position is (M,N, ℎ w
x𝑗
, ℎ′w

′

x𝑗
),

or

• chooses w ∈ 𝑃𝑗 , after which the next position is (N,N, w
x𝑗
, w

′

x𝑗
).

5. Let (M′,N′, ℎ*, ℎ
′
*) be the position determined in the previous step. If the

pair (ℎ*, ℎ
′
*) does not induce a partial isomorphism between M′ and N′,

then the game ends and the attacker wins. Otherwise a new round begins
from this position.

At any point during steps 2–3, immediately after a set is chosen, the opposing
player may contest that choice instead of letting the round continue normally.
When a contestation occurs, the remaining steps of the round are skipped and
replaced as follows:

• Contesting a witness set. After 𝑋𝑗 is chosen in step 2 or 𝑋 ′
𝑗 is chosen

in step 3, the opposing player may contest that the set breaks equivalence
by choosing w ∈ 𝑌 and a w′ ∈ 𝑊n(𝑗) ∖ 𝑌 that respects x𝑗-repetitions,
where 𝑌 is the contested set and 𝑊 is its domain. If the contesting
player is the attacker, then the players swap roles. The next position is
(W,W, ℎ𝑊

w
x𝑗
, ℎ𝑊

w′

x𝑗
), where ℎ𝑊 = ℎ if 𝑊 =𝑀 and ℎ𝑊 = ℎ′ if 𝑊 = 𝑁 .
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• Contesting a spillover set. After 𝑃𝑗 is chosen in step 2, the opposing
player may contest that it contains a type realized in 𝑀 by choosing
w′ ∈ 𝑃𝑗 and a w ∈𝑀n(𝑗) that respects x𝑗-repetitions. The next position

is (M,N, ℎ w
x𝑗
, ℎ′w

′

x𝑗
).

In both cases, the game then proceeds to step 5: the partial isomorphism check
is performed on the new position, and if it passes, a new round begins from that
position.

Theorem A.4. Theorem 3.5 holds also when 𝒬 is a finite set of quantifiers of
arbitrary, finite width and type.

Proof. The proof follows the same structure as before, with the attacker and
defender now choosing 𝑘 witness sets, 𝑘 spillover sets, and 𝑘 variable tuples
x1, . . . ,x𝑘 corresponding to the width 𝑘 of the quantifier. The base case (Lemma
3.2) is thus identical, and below, we give a condensed version of the induction
case.

For generalizing Lemma 3.3, assume contrapositively that (A, 𝑓) and (B, 𝑔)
are (𝑑 + 1)-equivalent, and suppose the attacker chooses a quantifier 𝑄 ∈ 𝒬 of
width 𝑘 and type n, variable tuples x1, . . . ,x𝑘, witness sets 𝑋1, . . . , 𝑋𝑘 (where
each 𝑋𝑗 ⊆ 𝐴n(𝑗) respects x𝑗-repetitions), and spillover sets 𝑃1, . . . , 𝑃𝑘 (where
each 𝑃𝑗 ⊆ 𝐵n(𝑗) respects x𝑗-repetitions). By the same contestation arguments
as before, each 𝑋𝑗 is closed under ≡𝑑

FO(𝒬) relative to (A, 𝑓) and x𝑗 , and hence

definable by a formula 𝜃𝑗(x𝑗) ∈ FO(𝒬)𝑑. Similarly, the closure under ≡𝑑
FO(𝒬)

relative to (B, 𝑔) and x𝑗 of each 𝑃𝑗 is definable by a formula 𝜓𝑗(x𝑗) ∈ FO(𝒬)𝑑

with ‖𝜓𝑗‖A,𝑓
x𝑗

= ∅. Since (𝐴,𝑋1, . . . , 𝑋𝑘) ∈ 𝑄 and
⃦⃦
𝜃𝑗 ∨ 𝜓𝑗

⃦⃦A,𝑓

x𝑗
= 𝑋𝑗 for each

𝑗, we have A, 𝑓 |= 𝑄x1, . . . ,x𝑘(𝜃1 ∨𝜓1, . . . , 𝜃𝑘 ∨𝜓𝑘). By the (𝑑+1)-equivalence
assumption, (B, 𝑔) also satisfies this sentence, so the defender can choose 𝑋 ′

𝑗 :=⃦⃦
𝜃𝑗 ∨ 𝜓𝑗

⃦⃦B,𝑔

x𝑗
for each 𝑗, which satisfies (𝐵,𝑋 ′

1, . . . , 𝑋
′
𝑘) ∈ 𝑄 and 𝑃𝑗 ⊆ 𝑋 ′

𝑗 .

The attacker then chooses some component 𝑗 and one of the two options. In
either case, the argument from Lemma 3.3 applies to the chosen component:
if the attacker picks w′ ∈ 𝐵n(𝑗) ∖ 𝑋 ′

𝑗 and w ∈ 𝑋𝑗 , then A, 𝑓 w
x𝑗

|= 𝜃𝑗 and

B, 𝑔w′

x𝑗
̸|= 𝜃𝑗 ∨ 𝜓𝑗 , so they are 𝑑-separable; if the attacker picks w′ ∈ 𝑋 ′

𝑗 , then

w′ falls into one of the sub-cases (in
⃦⃦
𝜓𝑗

⃦⃦B,𝑔

x𝑗
or in

⃦⃦
𝜃𝑗
⃦⃦B,𝑔

x𝑗
) and the defender

responds exactly as in Lemma 3.3.
For generalizing Lemma 3.4, suppose the formula 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘)

separates (A, 𝑓) and (B, 𝑔). The attacker chooses 𝑋𝑗 :=
⃦⃦
𝜙𝑗

⃦⃦A,𝑓

x𝑗
and 𝑃𝑗 :=

{v′ ∈
⃦⃦
𝜙𝑗

⃦⃦B,𝑔

x𝑗
| B, 𝑔 v′

x𝑗
̸≡𝑑

FO(𝒬) A, 𝑓 v
x𝑗

for all v ∈ 𝐴n(𝑗)} for each 𝑗. Since

we know B, 𝑔 ̸|= 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘), the defender’s witness sets satisfy

(𝐵,𝑋 ′
1, . . . , 𝑋

′
𝑘) ∈ 𝑄 but 𝑋 ′

𝑗 ̸=
⃦⃦
𝜙𝑗

⃦⃦B,𝑔

x𝑗
for at least one 𝑗. The attacker chooses

such a 𝑗: then either some w′ ∈ 𝑋 ′
𝑗 does not satisfy 𝜙𝑗 or some w′ ∈ 𝐵n(𝑗) ∖𝑋 ′

𝑗

satisfies 𝜙𝑗 . In either case, the corresponding argument from Lemma 3.4 applies
to the chosen component 𝑗.
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A.2 Formula-Size Game

The size of a formula of the form 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) is defined to be
𝑠(𝜙1) + · · ·+ 𝑠(𝜙𝑘) + 1.

Definition A.5. Let 𝒜 and ℬ be classes of 𝜏 -pairs. The EF𝑠{𝒬}(𝒜,ℬ)-game is
a two-player game that starts in the position (𝑠,𝒜,ℬ). The 𝑖th round proceeds
from the position (𝑠𝑖,𝒜𝑖,ℬ𝑖) as follows:

1. If there is an atomic FO(𝒬)-formula 𝜙 that separates 𝒜𝑖 and ℬ𝑖, then the
game ends and Player I wins.

2. Otherwise, if 𝑠𝑖 = 1, then the game ends and Player II wins.

3. If neither of the above conditions holds, then Player I chooses one of the
following three options:

(a) Swap classes (negation). A new round begins from the position
(𝑠𝑖 − 1,ℬ𝑖,𝒜𝑖).

(b) Right splitting move (conjunction). Player I chooses 𝑢, 𝑣 ∈ Z+

such that 𝑢+𝑣 = 𝑠𝑖, and chooses (possibly overlapping) sets 𝒞,𝒟 ⊆ ℬ𝑖

such that 𝒞 ∪ 𝒟 = ℬ𝑖. Player II then responds by choosing whether
the next round starts from the position (𝑢,𝒜𝑖, 𝒞) or from the position
(𝑣,𝒜𝑖,𝒟).

(c) Supplementing move (quantifier). Player I first chooses a quan-
tifier 𝑄 ∈ 𝒬 of width 𝑘 ∈ Z+ and type n ∈ Z𝑘

+, and 𝑘 tuples of

variable symbols x1, . . . ,x𝑘, where x𝑗 ∈ VARn(𝑗) for each 1 ≤ 𝑗 ≤ 𝑘.
Player I then chooses 𝑢1, . . . , 𝑢𝑘 ∈ Z+ such that 𝑢1+ · · ·+𝑢𝑘 = 𝑠𝑖−1,
and 𝑘 functions 𝑃1, . . . , 𝑃𝑘, each of which is a function 𝑃𝑗 : 𝒜𝑖∪ℬ𝑖 →⋃︀
{𝒫(𝐶n(𝑗)) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖} such that 𝑃𝑗(C, ℎ) ⊆ 𝐶n(𝑗) respects

x𝑗-repetitions,(︀
𝐴, 𝑃1(A, 𝑓), . . . , 𝑃𝑘(A, 𝑓)

)︀
∈ 𝑄 for all (A, 𝑓) ∈ 𝒜𝑖, and(︀

𝐵, 𝑃1(B, 𝑔), . . . , 𝑃𝑘(B, 𝑔)
)︀
/∈ 𝑄 for all (B, 𝑔) ∈ ℬ𝑖.

(If such a collection of functions does not exist, Player I cannot choose
this move.) This induces, for each 1 ≤ 𝑗 ≤ 𝑘, a pair of classes

𝒞+
𝑗 := {(C, ℎ v

x𝑗
) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖 and v ∈ 𝑃𝑗(C, ℎ)} and

𝒞−
𝑗 := {(C, ℎ v

x𝑗
) | (C, ℎ) ∈ 𝒜𝑖 ∪ ℬ𝑖

and v ∈ 𝐶n(𝑗) ∖ 𝑃𝑗(C, ℎ) respects x𝑗-repetitions}.

Player II then chooses 𝑗 ∈ {1, . . . , 𝑘}, and the next round starts from
the position (𝑢𝑗 , 𝒞+

𝑗 , 𝒞
−
𝑗 ).

Notice that now, the supplementing move induces a split in the size budget
and a choice for Player II, since multiple formulas can be quantified.
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Theorem A.6. Theorem 4.2 holds also when 𝒬 is a finite set of quantifiers of
arbitrary, finite width and type.

Proof. The base case and the induction cases for negation and conjunction are
proved exactly as in Theorem 4.2, so we prove the induction case for quantifi-
cation. Suppose that 𝑠 > 1 and that the statement holds for all 𝑙 < 𝑠.

We first prove the =⇒ direction. Suppose Player I has a winning strategy
for the 𝑠-game that begins by choosing a quantifier 𝑄 ∈ 𝒬 of width 𝑘 and
type n, 𝑘 tuples of variable symbols x1, . . . ,x𝑘, the splits 𝑢1, . . . , 𝑢𝑘 ∈ Z+ and
the functions 𝑃1, . . . , 𝑃𝑘. Since the strategy is winning, Player I has a winning
strategy in the EF𝑢𝑗

{𝑄}(𝒞+
𝑗 , 𝒞

−
𝑗 )-game for all 1 ≤ 𝑗 ≤ 𝑘. Since each 𝑢𝑗 is

smaller than 𝑠, by the induction hypothesis, for each pair of classes 𝒞+
𝑗 and 𝒞−

𝑗 ,
there exists a formula 𝜙𝑗 of size ≤ 𝑢𝑗 that separates them.

We show that 𝑃𝑗(C, ℎ) =
⃦⃦
𝜙𝑗

⃦⃦C,ℎ
x𝑗

for all (C, ℎ) ∈ 𝒜 ∪ ℬ and all 1 ≤ 𝑗 ≤ 𝑘.

If v ∈ 𝑃𝑗(C, ℎ), then (C, ℎ v
x𝑗
) ∈ 𝒞+

𝑗 by definition, so C, ℎ v
x𝑗

|= 𝜙𝑗 by separation.

Conversely, if v /∈ 𝑃𝑗(C, ℎ), then (C, ℎ v
x𝑗
) ∈ 𝒞−

𝑗 by definition, so C, ℎ v
x𝑗

̸|= 𝜙𝑗 by

separation. Together, we thus have v ∈ 𝑃𝑗(C, ℎ) ⇐⇒ C, ℎ v
x𝑗

|= 𝜙𝑗 , establishing

the desired equality.

It follows that for all (A, 𝑓) ∈ 𝒜, we have 𝑃𝑗(A, 𝑓) =
⃦⃦
𝜙𝑗

⃦⃦A,𝑓

x𝑗
, and since

(𝐴,𝑃1(A, 𝑓), . . . , 𝑃𝑘(A, 𝑓)) ∈ 𝑄 by the definition of 𝑃 , we conclude A, 𝑓 |=
𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘). Similarly, for all (B, 𝑔) ∈ ℬ, we have 𝑃𝑗(B, 𝑔) =⃦⃦
𝜙𝑗

⃦⃦B,𝑔

x𝑗
, and since (𝐵,𝑃1(B, 𝑔), . . . , 𝑃𝑘(B, 𝑔)) /∈ 𝑄 by the definition of 𝑃 , we

conclude B, 𝑔 ̸|= 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘). Thus 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) of size
𝑢1 + · · ·+ 𝑢𝑘 + 1 = 𝑠 separates 𝒜 and ℬ.

We then prove the ⇐= direction. Suppose 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘) of

size ≤ 𝑠 separates 𝒜 and ℬ. Player I chooses 𝑃𝑗(C, ℎ) :=
⃦⃦
𝜙𝑗

⃦⃦C,ℎ
x𝑗

for all

(C, ℎ) ∈ 𝒜 ∪ ℬ. This is a valid move, since for all (A, 𝑓) ∈ 𝒜, we have A, 𝑓 |=
𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘), so (𝐴,𝑃1(A, 𝑓), . . . , 𝑃𝑘(A, 𝑓)) ∈ 𝑄, and for all (B, 𝑔) ∈
ℬ, we have B, 𝑔 ̸|= 𝑄x1, . . . ,x𝑘(𝜙1, . . . , 𝜙𝑘), so (𝐵,𝑃1(B, 𝑔), . . . , 𝑃𝑘(B, 𝑔)) /∈ 𝑄.
Player I also chooses 𝑢𝑗 := 𝑠(𝜙𝑗) for each 𝑗.

For any 1 ≤ 𝑗 ≤ 𝑘 chosen by Player II, the game continues from the position
(𝑢𝑗 , 𝒞+

𝑗 , 𝒞
−
𝑗 ). Now, for any (C, ℎ) ∈ 𝒜 ∪ ℬ and v ∈ 𝐶n(𝑗), if v ∈ 𝑃𝑗(C, ℎ), then

C, ℎ v
x𝑗

|= 𝜙𝑗 and (C, ℎ v
x𝑗
) ∈ 𝒞+

𝑗 , and if v /∈ 𝑃𝑗(C, ℎ), then C, ℎ v
x𝑗

̸|= 𝜙𝑗 and

(C, ℎ v
x𝑗
) ∈ 𝒞−

𝑗 . Thus 𝒞+
𝑗 and 𝒞−

𝑗 are separated by 𝜙𝑗 , and since 𝜙𝑗 is of size

≤ 𝑢𝑗 < 𝑠, by the induction hypothesis, Player I has a winning strategy from
this position.

Finally, it is clear that Corollary 4.5, Theorem 4.6 and Lemma 4.8 hold
(with appropriate modifications) also when the game is played with quantifiers
of arbitrary, finite width and type.
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