FODOR SPACE IN GENERALIZED DESCRIPTIVE SET THEORY

IDO FELDMAN AND MIGUEL MORENO

ABSTRACT. We study the continuous reducibility of isomorphism relations in
the space of regresive functions in k. We show for inaccessible k, that if 7 is
a theory with less than x non-isomorphic models of size k and 7" is unstable or
superstable non-classifiable, then the isomorphism of models of 7 is continuous
reducible to the isomorphism of models of 7.

1. INTRODUCTION

One of the main motivations to developed generalized descriptive set theory has
been its connection with model theory. This connection was studied by Friedman,
Hyttinen, and Weinstein (former Kulikov) in [1]. From their work, they conjectured
the existence of a generalized Borel-reducibility counterpart of Shelah’s main gap
theorem.

Conjecture 1.1. Let Ty be a classifiable theory and Ty a non-classifiable theory.
Is there a Borel reduction from the isomorphism relation of T1 to the isomorphism
relation of T3 ?

Hyttinen, Weinstein, and Moreno show the consistency of a positive answer to
this conjecture in [3]. In [3], [8] the authors gave a positive answer to the conjecture
when & is a successor cardinal (under certain cardinal assumptions), and T5 a stable
unstable theory. Later on, in [9] the conjecture was proved correct for k a successor
cardinal (under certain cardinal assumptions).

Fact 1.2 (Borel reducibility Main Gap, Moreno, Theorem A [9]). Suppose k =
At =2 20 < X=X\, and T; and Ty are countable complete first-order theories
in a countable vocabulary. If Ty is a classifiable theory and Ts is a non-classifiable
theory, then

=1 e =poand =7, g E7

The case x an inaccessible cardinal was study by Hyttinen and Moreno in [4]
and [7]. In [4] and [7] a positive answer was given for T3 a stable theory with OCP
or superstable with S-DOP. In [6], Mangraviti and Motto Ros showed that the
Friemand-Hyttinen-Kulikov conjecture holds for classifiable shallow theories with
at most k non-isomorphic models.

Fact 1.3 (Mangraviti-Motto Ros, Proposition 6.7 [6]). If T; is theory with at most k
non-isomorphic models of size k and Tz a non-classfiable thoery, then =5 —p =r,.

From Shelah’s Main Gap Theorem 6.1 [12], we know that under the assumption

k=R, is such that o, (| v ]) < k

any classifiable shallow theory 7 has less than x non-isomorphic models of size

k, and only classifiable shallow theories have less than 2* non-isomorphic models of

size k. Thus under that assumption, Fact 1.3 tells us that if 77 is classifiable and

Tz is not classifiable, then 24, < p =r,. As mentioned in [6], Fact 1.3 is a direct

consequence of the number of equivalence classes and the fact that =+ is k-Borel
1
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when 7 is a classifiable shallow theory. This is why it is a Borel reduction and
not a continuous reduction (which is stronger). A continuous reduction version of
Fact 1.3 would be more informative, but it requires a different approach. Clearly
Fact 1.2 gives us a continuous reduction version of Fact 1.3 when x is a successor
cardinal. In this paper we will show a continuous reduction version of Fact 1.3 for
K strongly inaccessible.

Theorem A. Let k be a strongly inaccessible cardinal. If Ty is a theory with less
than k non-isomorphic models of size k and Ty is unstable or a superstable non-
classifiable theory, then =5 —. Z7,.

1.1. Background. Let us recall the basic definitions, we refer the reader to [1] and
[9] for more information.

The generalized Baire space is the set k" endowed with the bounded topology,
in this topology the basic open sets are of the form

[(J={ner"[(<n}
where ¢ € K<".
Let E7 and Es be equivalence relations on x”. We say that E; is Borel reducible
to Es if there is a Borel function f: k" — k" that satisfies

(n,€) € E1 <= (f(n), f(§)) € Ea.

We call f a reduction of F; to Es and we denote this by Fy < g FEs. In the case f
is continuous, we say that Fj is continuously reducible to Fs and we denote it by
E1 e EQ.

Definition 1.4. Let £ = {Q., | m € w} be a countable relational language. Fix
7 a bijection between x<“ and k. For every n € k" define the structure A, with
domain « as follows. For every tuple (a1,as,...,a,) in "

(a1,az,...,a,) € Q" & Q,, has arity n and n(7(m, a1, as, ..., a,)) > 0.

Definition 1.5. Assume 7 a first-order theory in a relational countable language,
we define the isomorphism relation, =2 C k" X k", as the relation

{0, 1A, =T, Ac =T, Ay = Ag) or (Ay = T, Ag = T)}

Throughout this paper all the theories will be first-order theories. We will follow
the approach used in [8] and [9] to prove Theorem A. The proof of Fact 1.2 is divided
in three parts, it uses the equivalence modulo stationary sets to construct colored
ordered trees, then generalized Ehrenfeucht-Mostowski models are constructed from
the colored ordered trees, and finally the reduction is constructed from the models.

Definition 1.6. Let S C « a stationary set. Given 8 < k, we define the equivalence
relation zg C B* x B*, as follows

n zg ¢ <= {a<k|nla)#E(a)}NS is non-stationary.
Let p < k be a regular cardinal and S, = {a < & | cf(a) = p} and S5, = {a <
k| cf(a) > p}. Let us denote :B” by :ﬁ.
The proof of Fact 1.2 finishes by applying the following reductions from [3].

Fact 1.7 (Hyttinen-Kulikov-Moreno, Lemma 2 [3]). Let A < k be a regular cardinal.
Assume T is a countable complete classifiable theory over a countable vocabulary.
If & holds, then 27 <. =3.

Notice that the reduction constructed in [9] is a reduction constructed in the
generalized Cantor subspace, 2%. Therefore the ordered colored trees used have
two colors. To prove Theorem A, We shall need to code more information using
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ordered colored trees. This means increasing the number of colors to x. Thus, we
construct the reduction in the Fodor space (see below).

Consequently, we will modify the construction of the Ehrenfeucht-Mostowski
models, and use a reduction different from Fact 1.7.

1.2. Oganization of this paper. In Section 2 we introduce the Fodor subspace
and the objects relative to it. In Section 3 we construct the ordered colored
trees following the ideas of [2], [4], and [8]. In Section 4 we construct general-
ized Ehrenfeucht-Mostowski models and study the isomorphism between the them.
In Section 5 we prove the main result.

2. FODOR SPACE

Following the intuition of [6], if E' is a k-Borel equivalence relation on " with at
most x equivalence classes, then the enumeration (x; | z; is an E- equivalence class)
induced the function F : k" — k":

F(n)(a) = {

where 1 € x;. Clearly F is a k-Borel reduction from F into 0., where f 0, g if and
only if f(0) = g(0). This kind of reduction obtained from an enumeration of the
equivalence classes, may induce a reduction F on “evetually regresive functions”,
ie. for all n € " there is a@ < k such that F(n) [ (xk\e) is regresive. Thus we
are not interested on the whole Baire space but the one of the eventually regresive
functions.

Definition 2.1 (Fodor space). Let F = {n € " | 3a < k(V8 > a n(B8) < B)}. The
Fodor space is the set F with the induced topology.

1 fa=0

0 otherwise,

Notice that the subspaces " are subpaces of F, in particular the generalized
Cantor space.

Let S C k a stationary set, we define the equivalence relation =% as =% N (F xF).
Clearly Fact 1.7 induced a result on =%, i.e. if {) holds, then 27 <, =£. In the
case of theories 7 with less than x non-isomorphic models, <, is not needed. This
follows from an observation of the proof of Theorem 2.8 [4].

Proposition 2.2. Let S C k be a stationary set. Assume T is a countable complete
classifiable theory over a countable vocabulary. Then =1 —. =§.
If =+ has less than k equivalence classes, then =1 <, :]g.

The idea behind the proof is to find an S-approximation of =4 and use the
Approximation Lemma (Lemma 6.6 [10]). For more on the approximation lemma
see [10].

Definition 2.3 (The EF game). For every a < k the game EFS(AJ,, Bl,) on the
restrictions A [ o and B [ a of the structures A and B with domain  is defined as
follows:

In the n-th move, first I chooses an ordinal §, < « such that Xg, C « and
Xs, . € Xg,. Then II chooses an ordinal 8,, < « such that dom(fs, ), rng(fs,) C
a, Xg, C dom(fy,) Nrng(fy,) and fo, , C fp, (if n = 0 then Xg, , = 0 and
fo,_, =10).

The game ends after w moves. Player IT wins if {J;_,, fo, : Alo — Bla is a partial
isomorphism. Otherwise player I wins.

If & = k then this is the same as the standard EF-game which is usually denoted
by EF;.

We will write I + EF_(Al,,Bls) when I has a winning strategy in the game
EFS(Ala, Bla). Similarly for II.
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Definition 2.4. Assume 7T is a complete first order theory in a countable vo-
cabulary. For every a < k and 1,§ € k", we write n RE(7) & if one of the
following holds, Ayl ¥ T and Aela = T, or Ayla = T, Aela E T and II 1
EFY(Ay Lo A¢l o).

Fact 2.5 (Hyttinen-Moreno, [4] Lemma 2.7). For every complete first order the-
ory T in a countable vocabulary, there are club many a such that R%&(T) is an
equivalence relation.

Fact 2.6 (Hyttinen-Moreno, Lemma 2.4 [4]). Suppose n,& € k" and T is a complete
first order theory in a countable vocabulary. Then the following hold:

o ) R (T) £ <= 3C C Kk a club, such that n R (T) & for all o € C.
o ~(n REp(T) &) < 3C C Kk a club, such that —(n REe(T) &) for all
acC.

Proof of Proposition 2.2. Let T be a countable complete classifiable theory over
a countable vocabulary. Since 7 is classifiable, R}, (T) coincide with =5. To
simplify the notation, lets denote by F,, the relation R (7). So

o 1 2y £ <= JC C k a club, such that n E, £ for all a € C.
e ~(n Xy ¢) < 3C C k a club, such that —(n E, &) for all a € C..
Let C C & be the club from Fact 2.5. For all a € C, let (z¢ | 0 < i < k) be an
enumeration of the E,-equivalence classes (this can be done since k<% = k). Let
us define F' : k" — k" as follows:

Fn)(a) =

i ifaecCandnexy,
0 otherwise.

It is easy to see that F'is a continuous reduction from = to =§.

Finally, if & has less than « equivalence classes, then by Morley’s conjecture,
there is 6 < k (the smallest) such that for all & € C, E,, has less than 6 equivalence
classes. So for all n € k* and 8 > 0, F(n)(8) < # < B. Thus F(n) € F and
X o, :[g_ In this case, the reduction above can be define such that for all
n € k", F(n) [0 is constant to 0. Thus, we can construct F' such that for all n € k",
F(n)e{¢eF|Va>0(((a) <a)}. O

3. TREES

We will construct a general version of Hyttinen-Kulikov’s coloured trees, this
will allow us to construct models from n € F.

Let t be a tree, for every x € t we denote by ht(z) the height of z, the order
type of {y € tly < z}. Define t, = {z € t|ht(x) = a} and t<n = Us<als,
denote by z [ « the unique y € t such that y € t, and y < z. If z,y € ¢t and
{z € t|]z <z} = {z € t|z < y}, then we say that x and y are ~-related, z ~ y, and
we denote by [z] the equivalence class of x for ~. An «, S-tree is a tree ¢ with the
following properties:

o |[z]| < a for every z € t.
e All the branches have order type less than g in ¢.
e t has a unique root.
o If x,y € t, z and y have no immediate predecessors and z ~ y, then z = y.
Given a tree t, we say that a sequence (I, )a<s is a filtration of t if the following
hold:

e it is an increasing sequence of downwards closed subsets of ¢;
hd UOZ<H I"‘ = t;

e if p < k is a limit ordinal, then I, = Ua<p I,;

[ )

for all a < &, |I,] < k.
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Definition 3.1 (Coloured tree). Let v be an ordinal smaller than k. A coloured
tree is a pair (¢,c¢), where t is a kT, (7 + 2)-tree and ¢ is a map ¢ : t, — {0,1} (the
color function).

Let E C cf(X) be a stationary set. Given a function n from o < X - A to &, we
say that n is A-cofinal to F if for all s < a with cofinality A, sup(rang(n | s)) € E.

For all f € 2% and stationary E C cf()), define the tree (RJIZJ, r]]?) as, R]IZJ the set
of all strictly increasing functions, n, from some o < A -\ to K, A-cofinal to F, and
if  has domain A - A, then rf(n) = f(sup(rng(n))).

For every pair of ordinals o and 0, & < ¢ < kK and ¢ < A - A define

RE(a, 0,1) U {n:[i,j) = [a, 0) | n strictly increasing A -cofinal to E'}.
i<j<AA

Definition 3.2. If o < p < k and o, 9, p # 0, let {EZ;}’Q p < Kk} be an enumeration
of all downward closed subtrees of R¥(a, ,i) for all i, in such a way that each

possible coloured tree appears cofinally often in the enumeration. Let ¥ Zg ¥ be the
tree (R‘J?, rf)

This enumeration is possible because there are at most

U PR (a,0.0) < (A-X) x k=&

I<AA
downward closed coloured subtrees. Since for all a < ¢ < K, |[R¥(a, 0,i)| < & there
are at most Kk X k<% = k coloured trees. Denote by Q(EZE"Q) the unique ordinal ¢
such that EZE"Q C RE(a, 0,1).

Definition 3.3. Define for each H € 2% and stationary E C cf()), the coloured
tree (J£,ck) by the following construction.

For every H € 2% and stationary E C cf()), define JE = (JE, c&) as the tree of
all g : s — (M- A) x k%, where s < \- A, ordered by end extension, and such that
the following conditions hold for all ¢, j < s:

Denote by 7;, 1 < i <5, the functions from s to k that satisfies,

n(n) = (m(n),n2(n), n3(n), na(n),ns(n)).

1) nneJE foralln < s.

2) nis str1ctly increasing with respect to the lexicographical order on -\ x x*
3) 771()<771( 1) <m(i) + 1.

1) m(3) = 0 implies 7a(i) = n5(8) = na(i) = 0.

5) m2(i) = n3(i) implies (i) = 0.

6) m (i) <m(i+ 1) implies 92 (i 4+ 1) > 73(3) + 7a(3).

7) For every limit ordinal a, ni(a) = sup,<o{nk(¢)} for k € {1,2}.

8) If s < A- X and cf(s) = A, then sup(rang(ns)) € E.

9) mi(i) = n(j) implies 7y (i ) = nk( ) for k € {2,3,4}.

0) If for some k < - A, [i,5) = ny *{k}, then

N5 [[Z ) c EZTIQ(('))WJ(”.

Note that 9 implies EZ,T((Z)) 0 C RE(a, 0,1)

(11) If s = A - A, then either
(a) there exists an ordinal number m such that for every k < m, ni(k) <

m(m), for every k' > m, n1(k) = m(m), and the color of 7 is deter-
EZm((m)),ns(m)
na(m

cir(n) = (s | [m, A~ X))

where ¢ is the colouring function of ¥Z "2((2)) "3(m);

(
(
(
(
(
(
(
(
(
1

mined by



6 IDO FELDMAN AND MIGUEL MORENO

or
(b) there is no such ordinal m and then c£(n) := H(sup(rng(ns)))-

Remark 3.4. Since ns is increasing and sup(rng(ns)) > sup(rng(ns)) > sup(rng(n2)),
sup(rng(nz)) = sup(rng(ns)) and sup(rng(n2)) = sup(rng(ns)), this leads us to

sup(rng(n4)) < sup(rng(ns)) = sup(rng(ns)) = sup(rng(12)).

Thus, if rng(n1) = A+ A and for § < k and k < 5 are such that sup(rng(ng)) = J,
then also sup(rng(ns)) = 6.

Let Sp, 51 € S§ be a partition of S¥ into two disjoint stationary sets, and let
S1 = W< F; be a partition of S; into stationary sets. For all f : k - k and 0 < K
define

Sf .— fHo}n Sy if f7H{o} NSy is stationary ;
7\ B, Otherwise .

Fact 3.5. If f,g are such that [ =§ g, then for all o < K, St + E, if and only if
S9 # E,.

Proof. Assume, towards a contradiction, that there are f and g such that f =5 g,
and there is o € Sy such that S = E, and S # E,. From the construction,
S9 = g=Yo} NSy is stationary. Thus there is a club C C & such that for all
a € CN Sy, f(a) = g(a). Therefore, g=1{o} N Sy N C is stationary and for
all « € g7Ho} NSy NC, f(a) = gla) = 0. We conclude that f~1{c} NSy is
stationary, so f~'{o} NSy = S = E,, a contradiction. O

For all f: k — k and o < & we define (I, c]) as the coloured tree (J57,che),
where H € 2% is the function that satisfies

Ha)=1sac S’
We will write E when it is clear that it is E,,.

Notation 3.6. For all o < k, denote by B(I)) the set of leaves of IL. In addition,
for all a < & let us define (I1)® = {n € If|rang(n) C (\-\) x (1)* for some 1 < a}.

The following fact can be proved following the proof of [2] Claim 2.6 or [4] Claim
4.8, no changes are needed.

Fact 3.7. Suppose & € (I1)® and n € I]. If dom(§) is a successor ordinal smaller
than A-\, € € n and for every k in dom(n)\ dom(§), n1(k) = & (maxz(dom(€))) and
m(k) >0, then n € (I1)~.

Lemma 3.8. If f,g are such that f =5 g, then for all o <k, If =g

Proof. Suppose that f, g are such that f =% g. Let C' be a club such that CNSy C
{a < k| f(a) =g(a)}. Ifo < kissuch that S{ = E,, then by Lemma 3.5, S = E,
and IS = I9. We are missing the case when o < & is such that Sf, 59 # F,. Since
Sf, 89 # E,, S and SY are stationary. Thus f and g are equivalent modulo S
and SZ. The proof follows as in [2] and [9].

O

Definition 3.9. Let v be an ordinal smaller than x. Let K. be the class of models
(A, <, (Pu)n<y, <, \), where:

(1) There is a linear order (Z,<z) such that A C Z=7.

(2) A is closed under initial segment.

(3) < is the initial segment relation.

(4) A(n,&) is the maximal common initial segment of  and &.
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(5) Let lg(n) be the length of n (i.e. the domain of ) and P, = {n € A |
lg(n) = n} for n < ~.

(6) For every n € A with lg(n) <+, define Suca(n) as{€ € A|n<E&lg(§) =
lg(n) +1}. <is U,eca(< [Suca(n)), ie. if £ <, then there is n € A such
that &, ¢ € Suca(n).

(7) For all n € A\P,, < [Suca(n) is the induced linear order from Z, i.e.

n(x) <n{y) e r<zy
(8) If  and ¢ have no immediate predecessor and {( € A|( <n} ={C € A|
(<€}, then n=¢.

For all f: k — k and o < K, we will use I to construct Af, an element of

K>, Let us denote by acc(k) = {a < k | @ = 0 or « is a limit ordinal}. For all
a € acc(k) and n € (I1)* with dom(n) = m < X - X define

Wi ={¢ | dom(¢) = [m,s),m < s < X- A7 ¢ € (I1)* 07 (m, ¢(m)) & (I1)*}.

Notice that by the way I/ was constructed, for every n € I/ with domain smaller
than A - XA and a < k, the set

{(91,92,93,94,95) € (A A x £P\(A- X x ) [ 7 (91,02, 05,04,05) € (I])* 1}

is either empty or has size w. Let ¢;' be an enumeration of this set, when this set
is not empty.
Let us denote by T = (k x w x acc(k) X (A A) X & X k X & x k)=, For every
¢ € T there are functions {¢; € kS** | 0 < i < 8} such that for all i < 8, dom(¢;) =
dom(€) and for all n € dom(€), £(n) = (&1 (n), &2(n), &s(n), E4(n), € (n), &6(n), Ex(n), &(n)).

For every £ € T let us denote (&4, &5, &6, &7, &) by &.

Definition 3.10. For all a € acc(k) and n € T with 7 € I , dom(n) =m < X -\
define I'Y as follows:
If 5 € (I1)®, then I} is the set of elements & of T such that:

where ¢ = £ [ n.
167 ¢ (I1)*, then I = 0.

For n € T with 7 € I, dom(n) = m < X - \ define

rm= J ry.
a€cacc(k)
Finally we can define A/ by induction. Let IZ(0) = {0} and for all n < X - A,
If(n+1) =15 (n) U U ().

nelf (n) dom(n)=n
For n < A - X a limit ordinal,
(n) = |J Tm)
m<n

and

IZ(n) =T (n)U{neT|dom(n) =n & Ym <n (nmecllin) &iecll}.
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For 0 < i < 8 let us denote by s;(n) = sup{ni(n) | n < A-A} and sx.a(n) =
max{s;(n) | ¢ <8}. Finally
AL =TL(X\-N).

Define the color function df by

cl(7) if 51(n) < sxa(n)
f =
dG(T}) {H(Sl(n)) if 51(77) = S,\~/\(77)-

Recall that H is the function used to construct I}, i.e. (If,cl) = (JE cB). Tt is
clear that A{: is closed under initial segments, indeed the relations <, (Pn)n<i-As
and A of Definition 3.9 have a canonical interpretation in A7.

We are missing to define < [Suc s (n) for all n € A with domain smaller than
A+ A. From [9] Remark 3.15 and Theorem 3.16, for all € < k, there is a linear order

7 such that:
e 7 is e-dense, (< k)-stable, and (k, €)-nice (see below).
e For all n € AL, < [Suc s (n) is isomorphic to Z.
e If f,g and o are such that I = I9, then for all o0 < s, AL = AJ.

Definition 3.11. Let € < k be a regular cardinal, A be a linear order of size x and
(Aq | @ < k) a filtration. Then A is (k,&)-nice if there is a club C' C &, such that
for all limit § € C' with ¢f(d) > ¢, for all = € A there is § < ¢ such that one of the
following holds:

o Vo€ Aslo >x =30’ € Ap (0 > o’ > )]
o Vo€ Aslo <x =T’ € Ap (0 <o’ <uz)]

For any L-structure A we denote by bs the set of basic formulas of £ (atomic
formulas and negation of atomic formulas). For all L-structure A, a € A, and
B C A we define

tpps(a, B, A) = {o(x,b) | A= p(a,b),p € bs,b € B}.
Similarly we define tp,:(a, B,.A) for atomic formulas.

Definition 3.12. A linear order A is (< x)-stable if for every B C A of size smaller
than &,

k> |{tpps(a, B, A) | a € A}|.

Definition 3.13. Let I be a linear order of size k and ¢ a regular cardinal smaller
than k. We say that I is e-dense if the following holds.

If A, B C I are subsets of size less than e such that for all a € A and b € B,
a < b, then there is ¢ € I, such that foralla € Aand b€ B, a<c<b.

Let us define the following filtration:
(ALY ={n e AL | rng(n) C Y x w x ¥ x (A- ) x 9* for some ¥ < a}.

Notice that for all f,g € k* and o, 0 < k, f[a = gla if and only if (1)) = (I19)*.
Thus, f [ a = g | a if and only if (Af)* = (A2)°.
Let us construct the tree 7. The construction shall use the following definition.

Definition 3.14. Let ((T,,<,) | ¢ < k) be a sequence of trees of height o < k.
The disjoint union tree denoted by \/,_, To := (({, ., To x {o}) U {0}, <) where
t < s if, and only if either ¢ = () or there exists o < k such that t,s € T,, and t <, s.

Briefly, we shall define for each 0 < x a x+, (A\-\) +2 tree T which will witness
the fact f~'{o} is stationary and then take their disjoint union as our colored tree
of interest.
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For each o < k let
T = Al\{n € AL | dom(n) = - A & dL(n) = 0}

from the previous results, if f, g are such that f =% g, then for all o < &, T =T9.
Let T/ :=V/ Tf. Clearly if f, g are such that f =%, g, then Tf =719

o<k T O

Notation 3.15. For all 0 < k, denote by B(TY) the set of leafs of TS. Similar
B(TY) is the set of leafs of T. In addition, for all & < k and for all o < K, let us
define (TH)™ = TS N (AL and (TH)> = T~

0<a( o
Definition 3.16. Let € < k be a regular cardinal.

o A€ K} of size at most &, is locally (k,)-nice if for every n € A\P{,,
(Suca(n),<) is (k,e)-nice, Suca(n) is infinite, and there is ¢ € P{l, such
that n < €.

o Ac K)is (< k)-stable if for every B C A of size smaller than &,

k> |{tpps(a, B, A) | a € A}|.

Lemma 3.17. For any f € &*, T7 is a locally (k,)-nice and (< k)-stable ordered
tree and satisfies: If f,g are such that f =5 g, then T/ =719,

Proof. Tt is clear that the only thing left to prove is that for all n € T \PL ; there

is€ € PATﬁ\ such that 7 < £. From Definition 3.3 (8), is enough to show that for all
a < k there is an increasing sequence (f; | i < A) such that from all i < A\, 5; € E,
and {J,_, B € S{. This follows from the fact that S/ is a stationary set for all
o < k and E, is a stationary set either equal to S/ or disjoint to S7. (]

The following rather simple lemma will prove itself useful for us.

Lemma 3.18. Let o < 3 < k and 1 be such that n € B(TI)\ (TF)P. If there is no
" < XX+ 1 such that n | 7" € acc((TF)P)\ (T1)?, then there exist T < \- X with
the following properties:

(1) nl7e (T

(2) 1 (r+1) ¢ (T,

(3) sup(mgns [ 7) < 6.

Proof. Let 8, o, and n be as above. Let us denote ¢ := sup(rng(ns)). Since
n € B(TIH\ (TH)P, 5> B. Let 7 :=sup{r’ < A- A+ 1|sup(rgns | 7') < B}
Notice that 7 < A -\, otherwise § < 5. On the other side sup(rngns [ 7) < S.
Clearly rngg n [ 7 = f3 if and only if | 7 € acc((T)?)\ (T¥)?. By our assumptions,
there is no 7/ < A - A+ 1 such that n [ 7/ € acc((T7)?)\ (T¥)? , so (1) and (2)
follows.
Clearly (2) follows from the way we chose 7. d

4. EHRENFEUCHT-MOSTOWSKI MODELS

To construct model of non-classifiable theories we will adapt the ideas from [11],
[5], and [9] to our particular ordered colored trees.

Definition 4.1. Let A be a set of formulas. Let A and M be models, and X = {as |
s € A} an indexed set of finite tuples of elements of M. We say that X is a set of
indiscernibles in M relative to A, if the following holds:

If 5,5 are n-tuples of elements of A and tpy:(5,0, A) = tpa:(5',0, A), then

tpa (dg, (Z), M) = tpA(d§'7 (Z)a M)

Here and from now on, 5§ = (so, ..., s,) is a tuple of elements of A, and as denotes

-~ —~ =
asO - as" .
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Definition 4.2 (Ehrenfeucht-Mostowski models). Let 7 be a Ly,,-theory of vocab-
ulary 7, [ a dense linear order, M a model of vocabulary 71, and ¢(u, 7) a formula
in some logic L.

We say that M is an Ehrenfeucht-Mostowski model of T for [, where the order
is definable by ¢, if M =T, 7 C 71, and there is a natural number n and n-tuples
of elements a, € M, x € [, such that the following hold:

(1) Every element of M is of the form u(ay,,...,d,,, ), where u is a 7'-term
and 1 < -+ < Typ.
(2) If 2,y €1, then M |= ¢p(a,,a,) if and only if x < y.
(3) If (@ ..., Upm) is an atomic 7i-formula, 1 < -+ < @, and y1 < -+ < Yo,
then
MEY(ag,,. .. a4z,,) iff M E=Y(ay,,....ay,).

Suppose T is a theory such that for each dense linear order [, 7 has an Ehrenfeucht-
Mostowski model where the order is definable by an L,-formula. We will only
consider linear orders of some fixed set B. Let {g be a dense linear order such that
every linear order of B is a submodel of Ig. Let EM;(Ig), 7', @, n, (az)ze1, be
such that the conditions of Definition 4.2 are satisfied for Ig.

If | C lp is dense, then we define EM; (1) as the submodel of EM;(Ip) generated
by @, x € I. Notice that EM;(l), 7', ¢, n, (a)zc; satisfy the conditions of
Definition 4.2 for [.

We call the linear order | the index model of EM;(l). The indexed set (Gg)zel
is the skeleton of EM(l), and the tuples a,, x € [, are the generating elements of
EM;(1). Let us denote EM(I) = EMy(1) | 7.

Suppose T is a theory such that for each dense linear order [, 7 has an Ehrenfeucht-
Mostowski model where the order is definable by an L., -formula, and B contains
only wi-dense linear orders. Then we can define EM;(l) and EM(I) for all l € B
as above.

Fact 4.3 ([9, Fact 4.9]). For all f € k", TS is e-homogeneous with respect to
quantifier free formulas.

Definition 4.4. Let ¢ < X be a regular cardinal. If 7 is an unstable theory or a
superstable theory with DOP. Then for every f € " define the order K (f) by:
I. dom K(f) = (dom T x {0}) U (dom T x {1}).
IL For all n € TY, (n,0) <g(s) (n,1).
I If n,§ € TV, then n < & if and only if (n,1) <g(s) (£ 0).
IV. If n,& € T/, then n < € if and only if

(7,0) <k(s) (£0) <k (& 1) <k (0,1).

In the case of T being a superstable theory with OTOP, we define K(f) in a
similar way modifying some items of Definition 4.4:
I'. dom K(f) = (dom T? x {0}) U{(n,1) | n € TT & T [~ P\.A(n)}.
ID. For all n € T such that T7 f= Px.A(n), (1,0) <k (s (n,1).
IT". If n,& € T, then n < £ if and only if (1,1) <x(s (£,0).
IV'. If n,& € TS such that T/ (= Pya(€) V Pyx.x(n), then n < ¢ if and only if

(1,0) <k(s) (§,0) <k (&1) <) (0,1).
V. If ,& € TY such that T = Py.5(¢) and T/ = Py.a(n), then n < & if and
only if
(1,0) <k(s) (€ 0) <w() (n,1).
Fact 4.5 ([9, Lemma 4.14)). Suppose T is a complete unstable theory in a countable
relational vocabulary 7. Let 7' be a Skolemization of T, and T' be a complete theory
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in 7! extending T and with Skolem-functions in 7. Then for every f € 2% there is
M{ = T with the following properties.

(1) There is a map H : T — (dom MI)™ for some n < w, n — ay, such that
M is the Skolem hull of {a, | n € T'}. Let us denote {a, | n € T'} by
Sk(Mm]).

(2) M = MI 17 is a model of T.

(3) Sk(MY) is indiscernible in MY relative to Ly,

(4) There is a formula ¢ € Ly (T) such that for all n,v € TS and m < \- ),
if T7 = P(n) A Paa(v), then MY |= p(ay, ay) if and only if TV =n < v.

There are corespondent Facts for superstable theories with OTOP or DOP. In
the OTOP case the only change is L, for Ly,. In the DOP case, L, changes
for L,,w, and € = w;. In particular, in the case of DOP, w1 < A.

Let us define F* = {n € F | Vo > 0(n(e) < o)}. Let T be an unstable theory
or a superstable non-classifiable theory. For all f € F*, let M/ be the model from
Fact 4.5 (or the respective one in the case of OTOP or DOP).

In the case of stable unsuperstable theories, the construction of the models should
follow the generalized Ehrenfeucht-Mostowski models (see [11] Theorem 1.3 and
[12] Chapter VII). The construction of such models depends on the existence of a
proper function ®. Unfortunately, the argument in [12] for the existence of a proper
function, fails when the ordered tree has high w - w or higher.

Definition 4.6. Let T € K)*, ACT and n € T.

e We say that A is downward closed if for allp € A, n[m € Aif m <lg(n).
e Let 77‘L = (77 ra)aglg(n)~

Lemma 4.7. Let T € K)*, A C T downward closed. Let ijo := (ni | i < n) and

tr

71 = (0t | i < n) two sequences of elements in T. If the following holds,
(1) tpbs(ﬁovwaT) = tpbs(ﬁlava); )
(2) for alli <n, tpus((n)*s A, (T, =, <)) = thps(n1)*, A, (T <, <))
Then,
tpbs(ﬁ(b A7 T) = tPp, (7717 A’ T)

Proof. We define the map ¢ : AU (fo)* — AU (i1)¥ as follows: If n € A, then
#(n) = n. Otherwise, for i < n, 7 < dom(n}) define ¢(nj | 7) = nt | 7.

Claim 4.7.1. ¢ is a well defined bijective map.

Proof. Suppose, € A and for some i < n and 7 < dom(ng), n = n§ | 7. Then, by
Clause (2), T = n =n} [ 7. Suppose now, that for distinct 4, j < n and 7 < dom(nj)
né 1T = nj [ 7. Then, there exist 7/ > 7 such that T = Py (A(m3,73)). By Clause (1),
T | P (NS, 776)) and 0 [T = 77{ I 7. By a symmetrical argument the map ¢~ is
well defined O

Since both dom(¢), rng(¢) are closed under A, they are submodels of 7. Thus,
if we manage to prove the following claim we are done.

Claim 4.7.2. The map ¢ preserves the relations < and <.

Proof. Let n,v € dom(¢). Note that for any relation R € {<,<} if both n,v € A
then the conclusion is trivial. So, assume that n ¢ A. Let i < n and 7 < dom(n;)
be such that n = nj | 7. We split into two cases depending on R:

» Suppose that n < v. Observe that v ¢ A, otherwise by the downward closure
of A we get n € A as well. Therefore, there exist j < n and 7" < dom(7}) such that
v =l |7/, Since n < v, 5} | T =n. Therefore, 0, | 7 = nj | 7.
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Altogether,

o(n) = o(my [ 1) = o(my [ ) =nl I7 <l 17" = 60 | 7') = 6(v).

» Suppose now that n <wv. If v € A, then the conclusion follows from Clause (2)
of the lemma. Hence, suppose that v ¢ A. Let j <n and 7/ < dom(n) such that,
r=7+1L,n=nil7,v=n]7, and 7 [7’4: v |7’ Since T | PT/(/\(U,I/)) and
T En<v,byclause (1) T | Pr (A} I 7,n] | 7)) and T = ni < n]. Therefore,

o) =ni 17 <l I7=0).

The proof is now complete.
Lemma 4.8. Let f,g € F*. If M and M9 are isomorphic, then f :]go g.

Proof. Let us assume, for the sake of contradiction, that M/ and M9 are isomor-
phic but f #% g. Thus, the set S := {5 € So | f(8) # g(6)} is stationary. Since
f € F*, applying Fodor’s lemma on S, there exist S’ C S stationary and o < &
such that S’ C f~'{o} and Sf # E,.

Claim 4.8.1. S'NS2 =10.

Proof. By definition, S € {g~'{c}, E,}. Since S’ C f~Y{o}NS, ' Nng={o} =0.
On the other hand, S'NE, C SyNS; = 0. O

Therefore, S'ASY is stationary, so S{ASY is stationary. For all o/ < x, we will
write 7, #N5 §9, when S7,ASY, is stationary. Thus, {o/ < x| SI, #Y5 89} is
nonempty, let ¥ := min{o’ < | S, #NS §9,}.

Notice that, either Sg\Sé C Sy is stationary, or Sé\Sg C Sy is stationary. Since
otherwise, S% = Ey, = Sé contradicting S% #N° Sg. Without loss of generality,
we may assume that Sé C Sy and Sé\S% is stationary. Let us denote by o := X.
From the minimality of of, for all ¢ < o, S =N5 S and S/ ﬂS(J;_f = (). Therefore,
there is a stationary subset S¥ C S(J:f such that Sfn (Y S59) =0.

Since ¢ is regressive and S7 is stationary, by Fodor’s lemma there is o < & such
that S¥ Ng~'{o} is stationary. Let o, := min{o < & | S/ Ng~{o} is stationary }.
Since S7 N (Uagof S9) is empty, we know o, > 0. Set S9 := S/ ng~{o,}.

Let F be an isomorphism from M9 to M7. Let us denote by a, and be the
elements of Sk(M?) and Sk(M?). For a sequence @ = (a,...,a™) from M9 we
denote F(a) = (F(a®),...,F(a™)) and for a sequence v = (v°,...,v™) from TF we
denote by = b5 -+ by,,. For each n € TY let

F(a,) = (ug(f)@n), e a/izl(gm,)) = ﬁn(gﬁn)7

where m = lg(a,) — 1, ,uf7 are 7'-terms and o, is a finite sequence of elements of
Tf. Let I1: T9 — [T]<% be the map given by

F(dn) = ﬂn(l_’n(n))'

Recall Notation 3.15 for the definition of B(T9) and (T/)®.
The following claim is the key of our proof:

o<oy

Claim 4.8.2. For every n € B(T9) with ¢ := sup(rng(ns)) in SY, there exist £ < n
in TY9 such that, for all i < len(Il(n)) for all 7 < X - A, for B := sup(rng(&s))
O(n)(i) [ 7 ¢ acc((TH)P)\ (T1)P. In addition, if TI(n)(i) € (TF)°, then M(n)(i) €
(T7)°.
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Proof. Let n € B(TY) with ¢ := sup(rng(ns)) in S9. Denote by n :=len(Il(n)) and
for each i < n, let v; ;== I(n)(i). For each i < n, we define B; C § by the following
cases:

(1) v; € (T)°: From the definition of the filtration, there is 3 < & such that
v; € (T1)P. Let B; be the singleton of the minimal ordinal 3 such that
e (1),

(2) v; € (TF)° for some 6 > 6 and there is 7 < dom(v;) such that v; [ 7 €
acc((TF)%)\ (T7)°. There is k < 8 sup(rng((v; [ 7)x)) = 6. By Remark 3.4,
sup(rng((v; | ?) )) = 4. Let B; := acc(rng((vi)s [ 7)).

(3) Else, v; € (T71)? for some § > § and there is no 7 <

v; | 7 € acc((TF)°) \ (TF)°. Let B; := acc(tng((v;)s | T
Lemma 3.18.

Notice that besides Clause (2), we have sup(B;) < 4.

For all i < n satisfying Clause (2) and 7 < dom(v;) witnessing it, sup(rng((v;)s |

7)) =4. Since 6 € S9, 6 ¢ S1 and T = dom(v;) = A+ A. Thus v; € B(T(ff). Recall

that o # o,. Thus, by the construction of T specifically Definition 3.3 clause (8),

B, Nace(me(ns)) € (E,, U{5}) N (E,, U {5}) = {5).

Let us choose 8 € acc(rng(ng)) N Sy such that for all ¢ < n satisfying (1) or (3),
sup(B;) < B < 4§, and set £ < 7 such that § = sup(rng(&s))

Let us show that ¢ is the desired node. Fix ¢ < n and 7 < A - A and denote
C=vy; |T.

» Case Clause (1) holds for i: By the definition of B;, ¢ € (T)".

» Case Clause (3) holds for i: By the definition of B; and by the choice of 7,
there are two subcases:

e 7<T7. Wehave (Cy; [T € (Tf)B,
e7>7 Wehave v; |7 C ¢, v [ 7€ (TH and v [ 7+ 1 ¢ (TF). So
¢ ¢ acc((T1)")\ (T7)°.
» Case Clause (2) holds for i: Let us suppose, for the sake of contradiction,
that ¢ € acc((T¥)?)\ (T/)?. Therefore, by Remark 3.4 sup(rng(¢)s) = 8 and
B € acc(rng(v;)s). Recall that 6 € S9. So § € S/ Ng~1{o,}, and since S9 is
stationary, g~'{o,} is stationary. We conclude that § € 53, and therefore by
construction, acc(rng(n)s) € E,, U{d}. Thus g € E,,
On the other hand, § € S/ so § € S’{:f. As v; | 7 € acc((TF)?) \ (T7)° and the
analysis above: '
(4) 7=X-X and sup(rng((v; | T)s)) = 6;
(5) vi € B(TL,);
(6) acc(rng((v4)s) € Ey, U{d}.

Since § € ace(mg(()s)) \ {0}, B € Bo,.

Altogether, 8 € E,, N E,,. But as oy # 04, E,; N E,, = () which is a contra-
diction. ]

dom(v;) such that
);

where T is as in

)

For all n € T/, T7 [~ Py.x(n), and a < & let
B (n,a) = Suers () N (T7)".

It is clear that (Bf(n, @) | a < k) is a filtration of Sucys (). By Theorem 3.17, T is
(k, €)-nice, in particular Sucys(n) is isomorphic to Z. Since any two representations
coincide in a club, for any € T there is a club C,, such that for all § € C,, with
cf(8) > e and v € Sucps(n) there is B < 6 such that

Vu € BY(1,0) [u>v = B/ (n,B) (u>u >v).
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Let

Ol = {6 < k| cf(8) > e and for all n € (TV);, 6 € C,)}
and C7 be C7 closed under a-limits for a < . Notice that C7 is a club that satisfies
that for all 6 € CF with cf(8) > e, n € TS, T/ }£ Pya(n), and v € Sucps(n) there
is § < § such that,

Vu € BY(1,0) [u>v =3 € B/ (n,B) (u>u >v).

Let us define CY in a similar way.
Let
L] C() = Cf nCY.
e C1:={6€Cy|VneTI(ne (T9)° implies II(n) C (T7)%)}.
o Ch:={6cC|Va<dVne (T9)° Yug € BI(n, k) Iuy € BI(n,d)

[}

[II(uo),II(u1) have the same atomic type over (T1)

o Co={deCy|cf(d) >N}
e O={eCy|deCy&disa limit point of Co}.

It is clear that Cy and C are clubs. Since T7 is (< k)-stable ordered tree, there
are less than » possible bs-types of II(ug) over (T/)®, and since |7!| < &, there are
less than k possible terms fi,,, so C4 is a club.

Thus,

(*) for all 6 € C, n € TT, TT = PyA(n), and v € Sucys(n) there is B < § such
that,

and fiy, = /_‘ul} }-

Vu € B (1,0) [u>v =3 € B (n,B) (u>u >v).

Since SY9 C Sy, and S; and S9 are stationary, S1NS9 = () and there are § € SINC
and n € TY, such that:

L T9 |= Pxa(n).
II. § = sup(ns).
I Foralln < A-\, n[ne (T9)°.
IV. For all @ < 4, there is m < A - X such that n [m ¢ (T9),.
V. acc(rng(ns)) N S>x C C.

By Claim 4.8.2 we may find 7’ € T such that,

(1) " =n;

(2) B := sup(rng(ng));

(3) for all i < len(Il(n)) for all 7 < X -\, TI(n) (i) | T ¢ acc((TF)P)\ (TF)P.
Notice from the proof of Claim 4.8.2, that cf(8) = A. From V. in the selection of ¢
and n, we have § € C. In particular it is a A-limit of Cj.

Denote by n :=len(II(n)) and let (v; | i < n) be an enumeration of II(n). For all
i < n we choose ordinals o; € C5 N § and 7; < A - A according the following cases:

o If y; € (T7)?, then by Claim 4.8.2, v; € (T/)?. Now, the definition of 3,
implies the existence of o € Cy N B such that, v; € (T)®. Set o; := a, and
7; == dom(v;).

o If v; ¢ (TF)%, then by Clause (3) above v; ¢ acc((T¥)?). Therefore v; €
(T1)%" for some &' > & > . So, since 5 € C, by (*), and by addressing
Lemma 3.18 with v; and 8, we may find some ordinal a € Cy N 5 and
T < len(r;) such that:

—wl =y [Te(TH*but wr =v; [ (1+1) & (T))P.
— () vue Bf(w®, B) [u>w! = I € Bf(w® a) (u>u >wh).
Set a; :==«a, T; = T.
Denote o := max{«; | i < n}. Since 8 € C, we may pick v € Cy N 5 above «.
Let 7 < A- X be the maximal ordinal such that n [ T € (T9)7. Set g :=n | (7 + 1),
so no ¢ (T9)7. Since v € Cy, we can find 7, with the following properties:
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m € (T9)

dom(m) =7+1;

mlT=mlT;

Fing = [ny

e. TI(no),I(n1) have the same atomic type over (7).

BRoTe

Notice that from a —c¢ we can deduce that n, € BY9(n [ 7,7). Since 8 € C,
(o), (1) € (TY)".

Claim 4.8.3. tp,, (T(10)"TI(1), 0, T4) = tp, (I()~T(n), 0, 7).
Proof. By Lemma 4.7 it is enough to prove that for all i < n,

tpbs((H(UO)i)i’ (H(n)i)l’a (va = <)) = tpbs((H(nl)i)l” (H(n)i)ia (Tf7 = <))

Let i < n be fixed. Let v =TI(n)y [ 7 € (II(n)x)* and vy = T(no); [ 70 € (TL(no):)*.

vy = v: Since vy € (T7)? we have v € (T/)P. By the choice of a, v € (T/)* and
hence vy € (T4)®. By e, vy =< (n1);. In particular, vy = v = II(ny); | ro.

Vg, v are < compatible: If vy < v, then as in the previous case, we can conclude
that vy € (T1)*. By e, we get that TI(n); [ r1 = 1o < v.

If v < vy, then since vy € (T1)?, v € (TF)8. So v € (T7)*. By e, we conclude
that v < T(n1); | ro.

v, v are < compatible: Since v, v are < compatible, r = ro. If v € (T/)®, then
by e, vg < v implies II(1n1); [ 7o < v, and v < vy implies v < II(n1); [ ro

Let us suppose that v ¢ (T)*, sov ¢ (TF), r = 7+1, and vy [T = v [T € (T7T)?.
Let us suppose, towards contradiction, that vy < v < I(n1); [ 7o or (m); [ 10 <
v < vy holds.

Let us show the latest case, the other case is similar. Since

vo C T (no)i [ 7o C (o) € (TV)".

Applying (**) with u = vy, w® = v | 7, and w! = v, we have that there is u’ €
Bf(v | 7,0;) such that v <; v’ <; vy. Thus H(m); [0 < v <; v <7 vy, but
u' € (TF)®, a contradiction with e. O

From the previous claim and the way the models were constructed (recall the
formula ¢ from Fact 4.5), we know

MY | ol (brag) ™ Fin (bricn))) € @i (Brac)) ™ i (brico))
SO
M | play ay,) < (p(a;an,)).
But, since 19 = 1 and 1; A 7, then
M = p(ag an,) A (p(ay ay,))-
A contradiction, since M9 = MY | 7. O

5. CONCLUSIONS
Let us proceed to the proof of the main result.

Lemma 5.1. Let T be a countable complete theory over a countable relational
vocabulary, and unstable or superstable non-classifiable. Let X = wy if T has the
DOP, otherwise A = w. There is a continuous function F : F* — k" such that for

alln,E €F, n :]gg ¢ if and only if F(n) =+ F(&).

Proof. From Lemma 3.17 and Lemma 4.8, for all f,¢g € F*, M/ and MY are
isomorphic if and only if f :]go g.
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For every f € F*, we will construct a model M isomorphic to M. We will
also construct a function G : {My | f € 27} — 2%, such that Agr,) = My and
f = G(My) is continuous.

Recall the definition of (79)® from Notation 3.15. Since f € F* and for all
a,0 <k fla=gaifand only if (T))* = (T9)*,

fla=glas () =(T9)"

For all a < , A € K)*, and a filtration A = (A* | ¢ < k) of A, let us denote by
A% the set {as | s € A%}, recall the construction of the models M{ Since for all
a < K,

(T9)* = (19)* & SH((T1)") = SH((T9)"),
for all f € F* we can construct a tuple (M, Fy), where M is a model isomorphic
to M/ and Fy : My — M is an isomorphism, that satisfies the following: denote
by M o the preimage F;I[SH((TJC)&) I 7] and
fla=glae Mjf.=Mgy..
For every f € IF* there is a bijection E; : dom(My) — &k, such that for every
f,geF* and a <k, if f [ =g a, then Ef | dom(My o) = E, [ dom(Myg o) (see
[7]). Let us denote by 7 the bijection from Definition 1.4, define the function G by:

1 if a =n(m,a1,as,...,a,) and
GMp)@) =4 My E Qu(E; (@), By (), ... B (an))
0 otherwise.
To show that G : F — 2%, G(f) = G(M ) is continuous, let [( [ ] be a basic open set

and £ € G71[[¢ I a]]. There is B < & such that for all € < o, if € = 7(m, ay,...,a,),
then Egl(ai) € dom(Mg¢ g) holds for all i < n. Since for all n € [ | 3] it holds that

M, g = Mg g, for any € < a that satisfies € = 7(m, a1, ..., a,)
MU 'Z Qm(EJI(fh% En_l(a2>7 SR En_l(an))
if and only if
M = Qm(Egl(al),Egl(ag), .. .,Egl(an)).
We conclude that G is continuous. O
Theorem 5.2. Let k be a strongly inaccessible cardinal. If T, is a theory with

less than k mon-isomorphic models of size k and Ty is unstable or superstable non-
classifiable theory, then =5 —. =Z7;.

Proof. Tt follows from Proposition 2.2 and Lemma 5.1. O

Notice that for any stationary S C k, =§ is bireducible with =§ N (F* x F*).
This is witness by the identity and the function:

n(a) if w<nla) <a
n(a)+1 ifnla)<w<a
Flae) = 4 10T 10
ifw<a<n(a)
0 othewise.

Proposition 5.3. For all f € F and A <k, f :]go g if and only if TS = T9.

Proof. From Lemma 3.17, f :go g implies T = T9. For the other direction, let
T be a countable complete unstable theory over a countable relational vocabulary.
Let us suppose, towards contradiction, that f #]go g and TF = T9. Since T/ = T9,
M’ and M9 are isomorphic. From Lemma 4.8, we conclude that f :IE.O g, a
contradiction.
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