
FODOR SPACE IN GENERALIZED DESCRIPTIVE SET THEORY

IDO FELDMAN AND MIGUEL MORENO

Abstract. We study the continuous reducibility of isomorphism relations in

the space of regresive functions in 𝜅𝜅. We show for inaccessible 𝜅, that if 𝒯 is
a theory with less than 𝜅 non-isomorphic models of size 𝜅 and 𝒯 ′ is unstable or

superstable non-classifiable, then the isomorphism of models of 𝒯 is continuous

reducible to the isomorphism of models of 𝒯 ′.

1. Introduction

One of the main motivations to developed generalized descriptive set theory has
been its connection with model theory. This connection was studied by Friedman,
Hyttinen, and Weinstein (former Kulikov) in [1]. From their work, they conjectured
the existence of a generalized Borel-reducibility counterpart of Shelah’s main gap
theorem.

Conjecture 1.1. Let 𝒯1 be a classifiable theory and 𝒯2 a non-classifiable theory.
Is there a Borel reduction from the isomorphism relation of 𝒯1 to the isomorphism
relation of 𝒯2?

Hyttinen, Weinstein, and Moreno show the consistency of a positive answer to
this conjecture in [3]. In [3], [8] the authors gave a positive answer to the conjecture
when 𝜅 is a successor cardinal (under certain cardinal assumptions), and 𝑇2 a stable
unstable theory. Later on, in [9] the conjecture was proved correct for 𝜅 a successor
cardinal (under certain cardinal assumptions).

Fact 1.2 (Borel reducibility Main Gap, Moreno, Theorem A [9]). Suppose 𝜅 =
𝜆+ = 2𝜆, 2c ≤ 𝜆 = 𝜆𝜔1 , and 𝒯1 and 𝒯2 are countable complete first-order theories
in a countable vocabulary. If 𝒯1 is a classifiable theory and 𝒯2 is a non-classifiable
theory, then

∼=𝒯1 →˓𝑐
∼=𝒯2 and ∼=𝒯2 ̸ →˓𝐵

∼=𝒯1 .

The case 𝜅 an inaccessible cardinal was study by Hyttinen and Moreno in [4]
and [7]. In [4] and [7] a positive answer was given for 𝒯2 a stable theory with OCP
or superstable with S-DOP. In [6], Mangraviti and Motto Ros showed that the
Friemand-Hyttinen-Kulikov conjecture holds for classifiable shallow theories with
at most 𝜅 non-isomorphic models.

Fact 1.3 (Mangraviti-Motto Ros, Proposition 6.7 [6]). If 𝒯1 is theory with at most 𝜅
non-isomorphic models of size 𝜅 and 𝒯2 a non-classfiable thoery, then ∼=𝒯1 →˓𝐵

∼=𝒯2 .

From Shelah’s Main Gap Theorem 6.1 [12], we know that under the assumption

𝜅 = ℵ𝛾 is such that ℶ𝜔1
(| 𝛾 |) ≤ 𝜅

any classifiable shallow theory 𝒯 has less than 𝜅 non-isomorphic models of size
𝜅, and only classifiable shallow theories have less than 2𝜅 non-isomorphic models of
size 𝜅. Thus under that assumption, Fact 1.3 tells us that if 𝒯1 is classifiable and
𝒯2 is not classifiable, then ∼=𝒯1

→˓𝐵
∼=𝒯2

. As mentioned in [6], Fact 1.3 is a direct
consequence of the number of equivalence classes and the fact that ∼=𝒯 is 𝜅-Borel
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when 𝒯 is a classifiable shallow theory. This is why it is a Borel reduction and
not a continuous reduction (which is stronger). A continuous reduction version of
Fact 1.3 would be more informative, but it requires a different approach. Clearly
Fact 1.2 gives us a continuous reduction version of Fact 1.3 when 𝜅 is a successor
cardinal. In this paper we will show a continuous reduction version of Fact 1.3 for
𝜅 strongly inaccessible.

Theorem A. Let 𝜅 be a strongly inaccessible cardinal. If 𝒯1 is a theory with less
than 𝜅 non-isomorphic models of size 𝜅 and 𝒯2 is unstable or a superstable non-
classifiable theory, then ∼=𝒯1

→˓𝑐
∼=𝒯2

.

1.1. Background. Let us recall the basic definitions, we refer the reader to [1] and
[9] for more information.

The generalized Baire space is the set 𝜅𝜅 endowed with the bounded topology,
in this topology the basic open sets are of the form

[𝜁] = {𝜂 ∈ 𝜅𝜅 | 𝜁 ⊆ 𝜂}
where 𝜁 ∈ 𝜅<𝜅.

Let 𝐸1 and 𝐸2 be equivalence relations on 𝜅𝜅. We say that 𝐸1 is Borel reducible
to 𝐸2 if there is a Borel function 𝑓 : 𝜅𝜅 → 𝜅𝜅 that satisfies

(𝜂, 𝜉) ∈ 𝐸1 ⇐⇒ (𝑓(𝜂), 𝑓(𝜉)) ∈ 𝐸2.

We call 𝑓 a reduction of 𝐸1 to 𝐸2 and we denote this by 𝐸1 →˓𝐵 𝐸2. In the case 𝑓
is continuous, we say that 𝐸1 is continuously reducible to 𝐸2 and we denote it by
𝐸1 →˓𝑐 𝐸2.

Definition 1.4. Let ℒ = {𝑄𝑚 | 𝑚 ∈ 𝜔} be a countable relational language. Fix
𝜋 a bijection between 𝜅<𝜔 and 𝜅. For every 𝜂 ∈ 𝜅𝜅 define the structure 𝒜𝜂 with
domain 𝜅 as follows. For every tuple (𝑎1, 𝑎2, . . . , 𝑎𝑛) in 𝜅

𝑛

(𝑎1, 𝑎2, . . . , 𝑎𝑛) ∈ 𝑄𝒜𝜂
𝑚 ⇔ 𝑄𝑚 has arity 𝑛 and 𝜂(𝜋(𝑚, 𝑎1, 𝑎2, . . . , 𝑎𝑛)) > 0.

Definition 1.5. Assume 𝒯 a first-order theory in a relational countable language,
we define the isomorphism relation, ∼=𝒯 ⊆ 𝜅𝜅 × 𝜅𝜅, as the relation

{(𝜂, 𝜉)|(𝒜𝜂 |= 𝒯 ,𝒜𝜉 |= 𝒯 ,𝒜𝜂
∼= 𝒜𝜉) or (𝒜𝜂 ̸|= 𝒯 ,𝒜𝜉 ̸|= 𝒯 )}

Throughout this paper all the theories will be first-order theories. We will follow
the approach used in [8] and [9] to prove Theorem A. The proof of Fact 1.2 is divided
in three parts, it uses the equivalence modulo stationary sets to construct colored
ordered trees, then generalized Ehrenfeucht-Mostowski models are constructed from
the colored ordered trees, and finally the reduction is constructed from the models.

Definition 1.6. Let 𝑆 ⊆ 𝜅 a stationary set. Given 𝛽 ≤ 𝜅, we define the equivalence

relation =𝛽
𝑆 ⊆ 𝛽𝜅 × 𝛽𝜅, as follows

𝜂 =𝛽
𝑆 𝜉 ⇐⇒ {𝛼 < 𝜅 | 𝜂(𝛼) ̸= 𝜉(𝛼)} ∩ 𝑆 is non-stationary.

Let 𝜇 < 𝜅 be a regular cardinal and 𝑆𝜇 = {𝛼 < 𝜅 | cf(𝛼) = 𝜇} and 𝑆≥𝜇 = {𝛼 <
𝜅 | cf(𝛼) ≥ 𝜇}. Let us denote =𝛽

𝑆𝜇
by =𝛽

𝜇.

The proof of Fact 1.2 finishes by applying the following reductions from [3].

Fact 1.7 (Hyttinen-Kulikov-Moreno, Lemma 2 [3]). Let 𝜆 < 𝜅 be a regular cardinal.
Assume 𝒯 is a countable complete classifiable theory over a countable vocabulary.
If ♢𝜆 holds, then ∼=𝒯 →˓𝑐 =2

𝜆.

Notice that the reduction constructed in [9] is a reduction constructed in the
generalized Cantor subspace, 2𝜅. Therefore the ordered colored trees used have
two colors. To prove Theorem A, We shall need to code more information using
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ordered colored trees. This means increasing the number of colors to 𝜅. Thus, we
construct the reduction in the Fodor space (see below).

Consequently, we will modify the construction of the Ehrenfeucht-Mostowski
models, and use a reduction different from Fact 1.7.

1.2. Oganization of this paper. In Section 2 we introduce the Fodor subspace
and the objects relative to it. In Section 3 we construct the ordered colored
trees following the ideas of [2], [4], and [8]. In Section 4 we construct general-
ized Ehrenfeucht-Mostowski models and study the isomorphism between the them.
In Section 5 we prove the main result.

2. Fodor space

Following the intuition of [6], if 𝐸 is a 𝜅-Borel equivalence relation on 𝜅𝜅 with at
most 𝜅 equivalence classes, then the enumeration ⟨𝑥𝑖 | 𝑥𝑖 is an 𝐸- equivalence class⟩
induced the function ℱ : 𝜅𝜅 → 𝜅𝜅:

ℱ(𝜂)(𝛼) =

{︃
𝑖 if 𝛼 = 0

0 otherwise,

where 𝜂 ∈ 𝑥𝑖. Clearly ℱ is a 𝜅-Borel reduction from 𝐸 into 0𝜅, where 𝑓 0𝜅 𝑔 if and
only if 𝑓(0) = 𝑔(0). This kind of reduction obtained from an enumeration of the
equivalence classes, may induce a reduction ℱ on “evetually regresive functions”,
i.e. for all 𝜂 ∈ 𝜅𝜅 there is 𝛼 < 𝜅 such that ℱ(𝜂) ↾ (𝜅∖𝛼) is regresive. Thus we
are not interested on the whole Baire space but the one of the eventually regresive
functions.

Definition 2.1 (Fodor space). Let F = {𝜂 ∈ 𝜅𝜅 | ∃𝛼 < 𝜅(∀𝛽 > 𝛼 𝜂(𝛽) < 𝛽)}. The
Fodor space is the set F with the induced topology.

Notice that the subspaces 𝛽𝜅 are subpaces of F, in particular the generalized
Cantor space.

Let 𝑆 ⊆ 𝜅 a stationary set, we define the equivalence relation =F
𝑆 as =𝜅

𝑆 ∩ (F×F).
Clearly Fact 1.7 induced a result on =F

𝑆 , i.e. if ♢𝜆 holds, then ∼=𝒯 →˓𝑐 =F
𝜆. In the

case of theories 𝒯 with less than 𝜅 non-isomorphic models, ♢𝜆 is not needed. This
follows from an observation of the proof of Theorem 2.8 [4].

Proposition 2.2. Let 𝑆 ⊆ 𝜅 be a stationary set. Assume 𝒯 is a countable complete
classifiable theory over a countable vocabulary. Then ∼=𝒯 →˓𝑐 =𝜅

𝑆.
If ∼=𝒯 has less than 𝜅 equivalence classes, then ∼=𝒯 →˓𝑐 =F

𝑆.

The idea behind the proof is to find an 𝑆-approximation of ∼=𝒯 and use the
Approximation Lemma (Lemma 6.6 [10]). For more on the approximation lemma
see [10].

Definition 2.3 (The EF game). For every 𝛼 ≤ 𝜅 the game EF𝛼
𝜔(𝒜↾𝛼,ℬ↾𝛼) on the

restrictions 𝒜 ↾ 𝛼 and ℬ ↾ 𝛼 of the structures 𝒜 and ℬ with domain 𝜅 is defined as
follows:

In the 𝑛-th move, first I chooses an ordinal 𝛽𝑛 < 𝛼 such that 𝑋𝛽𝑛
⊂ 𝛼 and

𝑋𝛽𝑛−1
⊆ 𝑋𝛽𝑛

. Then II chooses an ordinal 𝜃𝑛 < 𝛼 such that dom(𝑓𝜃𝑛), rng(𝑓𝜃𝑛) ⊂
𝛼, 𝑋𝛽𝑛 ⊆ dom(𝑓𝜃𝑛) ∩ rng(𝑓𝜃𝑛) and 𝑓𝜃𝑛−1 ⊆ 𝑓𝜃𝑛 (if 𝑛 = 0 then 𝑋𝛽𝑛−1 = ∅ and
𝑓𝜃𝑛−1 = ∅).

The game ends after 𝜔 moves. Player II wins if
⋃︀

𝑖<𝜔 𝑓𝜃𝑖 : 𝐴↾𝛼 → 𝐵↾𝛼 is a partial
isomorphism. Otherwise player I wins.

If 𝛼 = 𝜅 then this is the same as the standard EF-game which is usually denoted
by EF𝜅

𝜔.
We will write I ↑ EF𝛼

𝜔(𝒜↾𝛼,ℬ↾𝛼) when I has a winning strategy in the game
EF𝛼

𝜔(𝒜↾𝛼,ℬ↾𝛼). Similarly for II.
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Definition 2.4. Assume 𝒯 is a complete first order theory in a countable vo-
cabulary. For every 𝛼 ≤ 𝜅 and 𝜂, 𝜉 ∈ 𝜅𝜅, we write 𝜂 𝑅𝛼

𝐸𝐹 (𝒯 ) 𝜉 if one of the
following holds, 𝒜𝜂↾𝛼 ̸|= 𝒯 and 𝒜𝜉↾𝛼 ̸|= 𝒯 , or 𝒜𝜂↾𝛼 |= 𝒯 , 𝒜𝜉↾𝛼 |= 𝒯 and II ↑
EF𝜅

𝜔(𝒜𝜂↾𝛼,𝒜𝜉↾𝛼).

Fact 2.5 (Hyttinen-Moreno, [4] Lemma 2.7). For every complete first order the-
ory 𝒯 in a countable vocabulary, there are club many 𝛼 such that 𝑅𝛼

𝐸𝐹 (𝒯 ) is an
equivalence relation.

Fact 2.6 (Hyttinen-Moreno, Lemma 2.4 [4]). Suppose 𝜂, 𝜉 ∈ 𝜅𝜅 and 𝒯 is a complete
first order theory in a countable vocabulary. Then the following hold:

∙ 𝜂 𝑅𝜅
𝐸𝐹 (𝒯 ) 𝜉 ⇐⇒ ∃𝐶 ⊆ 𝜅 a club, such that 𝜂 𝑅𝛼

𝐸𝐹 (𝒯 ) 𝜉 for all 𝛼 ∈ 𝐶.
∙ ¬(𝜂 𝑅𝜅

𝐸𝐹 (𝒯 ) 𝜉) ⇐⇒ ∃𝐶 ⊆ 𝜅 a club, such that ¬(𝜂 𝑅𝛼
𝐸𝐹 (𝒯 ) 𝜉) for all

𝛼 ∈ 𝐶.

Proof of Proposition 2.2. Let 𝒯 be a countable complete classifiable theory over
a countable vocabulary. Since 𝒯 is classifiable, 𝑅𝜅

𝐸𝐹 (𝒯 ) coincide with ∼=𝒯 . To
simplify the notation, lets denote by 𝐸𝛼 the relation 𝑅𝜅

𝐸𝐹 (𝒯 ). So

∙ 𝜂 ∼=𝒯 𝜉 ⇐⇒ ∃𝐶 ⊆ 𝜅 a club, such that 𝜂 𝐸𝛼 𝜉 for all 𝛼 ∈ 𝐶.
∙ ¬(𝜂 ∼=𝒯 𝜉) ⇐⇒ ∃𝐶 ⊆ 𝜅 a club, such that ¬(𝜂 𝐸𝛼 𝜉) for all 𝛼 ∈ 𝐶.

Let 𝐶 ⊆ 𝜅 be the club from Fact 2.5. For all 𝛼 ∈ 𝐶, let ⟨𝑥𝛼𝑖 | 0 < 𝑖 < 𝜅⟩ be an
enumeration of the 𝐸𝛼-equivalence classes (this can be done since 𝜅<𝜅 = 𝜅). Let
us define 𝐹 : 𝜅𝜅 → 𝜅𝜅 as follows:

𝐹 (𝜂)(𝛼) =

{︃
𝑖 if 𝛼 ∈ 𝐶 and 𝜂 ∈ 𝑥𝛼𝑖 ,

0 otherwise.

It is easy to see that 𝐹 is a continuous reduction from ∼=𝒯 to =𝜅
𝑆 .

Finally, if ∼=𝒯 has less than 𝜅 equivalence classes, then by Morley’s conjecture,
there is 𝜃 < 𝜅 (the smallest) such that for all 𝛼 ∈ 𝐶, 𝐸𝛼 has less than 𝜃 equivalence
classes. So for all 𝜂 ∈ 𝜅𝜅 and 𝛽 > 𝜃, 𝐹 (𝜂)(𝛽) < 𝜃 < 𝛽. Thus 𝐹 (𝜂) ∈ F and
∼=𝒯 →˓𝑐 =F

𝑆 . In this case, the reduction above can be define such that for all
𝜂 ∈ 𝜅𝜅, 𝐹 (𝜂) ↾𝜃 is constant to 0. Thus, we can construct 𝐹 such that for all 𝜂 ∈ 𝜅𝜅,
𝐹 (𝜂) ∈ {𝜁 ∈ F | ∀𝛼 > 0(𝜁(𝛼) < 𝛼)}. □

3. Trees

We will construct a general version of Hyttinen-Kulikov’s coloured trees, this
will allow us to construct models from 𝜂 ∈ F.

Let 𝑡 be a tree, for every 𝑥 ∈ 𝑡 we denote by ℎ𝑡(𝑥) the height of 𝑥, the order
type of {𝑦 ∈ 𝑡|𝑦 ≺ 𝑥}. Define 𝑡𝛼 = {𝑥 ∈ 𝑡|ℎ𝑡(𝑥) = 𝛼} and 𝑡<𝛼 = ∪𝛽<𝛼𝑡𝛽 ,
denote by 𝑥 ↾ 𝛼 the unique 𝑦 ∈ 𝑡 such that 𝑦 ∈ 𝑡𝛼 and 𝑦 ≺ 𝑥. If 𝑥, 𝑦 ∈ 𝑡 and
{𝑧 ∈ 𝑡|𝑧 ≺ 𝑥} = {𝑧 ∈ 𝑡|𝑧 ≺ 𝑦}, then we say that 𝑥 and 𝑦 are ∼-related, 𝑥 ∼ 𝑦, and
we denote by [𝑥] the equivalence class of 𝑥 for ∼. An 𝛼, 𝛽-tree is a tree 𝑡 with the
following properties:

∙ |[𝑥]| < 𝛼 for every 𝑥 ∈ 𝑡.
∙ All the branches have order type less than 𝛽 in 𝑡.
∙ 𝑡 has a unique root.
∙ If 𝑥, 𝑦 ∈ 𝑡, 𝑥 and 𝑦 have no immediate predecessors and 𝑥 ∼ 𝑦, then 𝑥 = 𝑦.

Given a tree 𝑡, we say that a sequence (𝐼𝛼)𝛼<𝜅 is a filtration of 𝑡 if the following
hold:

∙ it is an increasing sequence of downwards closed subsets of 𝑡;
∙
⋃︀

𝛼<𝜅 𝐼𝛼 = 𝑡;
∙ if 𝜌 < 𝜅 is a limit ordinal, then 𝐼𝜌 =

⋃︀
𝛼<𝜌 𝐼𝛼;

∙ for all 𝛼 < 𝜅, |𝐼𝛼| < 𝜅.
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Definition 3.1 (Coloured tree). Let 𝛾 be an ordinal smaller than 𝜅. A coloured
tree is a pair (𝑡, 𝑐), where 𝑡 is a 𝜅+, (𝛾 + 2)-tree and 𝑐 is a map 𝑐 : 𝑡𝛾 → {0, 1} (the
color function).

Let 𝐸 ⊆ cf(𝜆) be a stationary set. Given a function 𝜂 from 𝛼 ≤ 𝜆 · 𝜆 to 𝜅, we
say that 𝜂 is 𝜆-cofinal to 𝐸 if for all 𝑠 ≤ 𝛼 with cofinality 𝜆, 𝑠𝑢𝑝(𝑟𝑎𝑛𝑔(𝜂 ↾ 𝑠)) ∈ 𝐸.

For all 𝑓 ∈ 2𝜅 and stationary 𝐸 ⊆ cf(𝜆), define the tree (ℛ𝐸
𝑓 , 𝑟

𝐸
𝑓 ) as, ℛ𝐸

𝑓 the set
of all strictly increasing functions, 𝜂, from some 𝛼 ≤ 𝜆 · 𝜆 to 𝜅, 𝜆-cofinal to 𝐸, and
if 𝜂 has domain 𝜆 · 𝜆, then 𝑟𝐸𝑓 (𝜂) = 𝑓(sup(rng(𝜂))).

For every pair of ordinals 𝛼 and 𝜚, 𝛼 < 𝜚 < 𝜅 and 𝑖 < 𝜆 · 𝜆 define

ℛ𝐸(𝛼, 𝜚, 𝑖) =
⋃︁

𝑖<𝑗≤𝜆·𝜆

{𝜂 : [𝑖, 𝑗) → [𝛼, 𝜚) | 𝜂 strictly increasing 𝜆 -cofinal to 𝐸}.

Definition 3.2. If 𝛼 < 𝜚 < 𝜅 and 𝛼, 𝜚, 𝜌 ̸= 0, let {𝐸𝑍𝛼,𝜚
𝜌 |𝜌 < 𝜅} be an enumeration

of all downward closed subtrees of ℛ𝐸(𝛼, 𝜚, 𝑖) for all 𝑖, in such a way that each

possible coloured tree appears cofinally often in the enumeration. Let 𝐸𝑍0,0
0 be the

tree (ℛ𝐸
𝑓 , 𝑟

𝐸
𝑓 ).

This enumeration is possible because there are at most

|
⋃︁

𝑖<𝜆·𝜆

𝒫(ℛ𝐸(𝛼, 𝜚, 𝑖))| ≤ (𝜆 · 𝜆)× 𝜅 = 𝜅

downward closed coloured subtrees. Since for all 𝛼 < 𝜚 < 𝜅, |ℛ𝐸(𝛼, 𝜚, 𝑖)| < 𝜅 there
are at most 𝜅× 𝜅<𝜅 = 𝜅 coloured trees. Denote by 𝑄(𝐸𝑍𝛼,𝜚

𝜌 ) the unique ordinal 𝑖

such that 𝐸𝑍𝛼,𝜚
𝜌 ⊂ ℛ𝐸(𝛼, 𝜚, 𝑖).

Definition 3.3. Define for each 𝐻 ∈ 2𝜅 and stationary 𝐸 ⊆ cf(𝜆), the coloured
tree (𝐽𝐸

𝐻 , 𝑐
𝐸
𝐻) by the following construction.

For every 𝐻 ∈ 2𝜅 and stationary 𝐸 ⊆ cf(𝜆), define 𝐽𝐸
𝐻 = (𝐽𝐸

𝐻 , 𝑐
𝐸
𝐻) as the tree of

all 𝜂 : 𝑠 → (𝜆 · 𝜆) × 𝜅4, where 𝑠 ≤ 𝜆 · 𝜆, ordered by end extension, and such that
the following conditions hold for all 𝑖, 𝑗 < 𝑠:

Denote by 𝜂𝑖, 1 < 𝑖 ≤ 5, the functions from 𝑠 to 𝜅 that satisfies,

𝜂(𝑛) = (𝜂1(𝑛), 𝜂2(𝑛), 𝜂3(𝑛), 𝜂4(𝑛), 𝜂5(𝑛)).

(1) 𝜂 ↾ 𝑛 ∈ 𝐽𝐸
𝐻 for all 𝑛 < 𝑠.

(2) 𝜂 is strictly increasing with respect to the lexicographical order on 𝜆·𝜆×𝜅4.
(3) 𝜂1(𝑖) ≤ 𝜂1(𝑖+ 1) ≤ 𝜂1(𝑖) + 1.
(4) 𝜂1(𝑖) = 0 implies 𝜂2(𝑖) = 𝜂3(𝑖) = 𝜂4(𝑖) = 0.
(5) 𝜂2(𝑖) ≥ 𝜂3(𝑖) implies 𝜂2(𝑖) = 0.
(6) 𝜂1(𝑖) < 𝜂1(𝑖+ 1) implies 𝜂2(𝑖+ 1) ≥ 𝜂3(𝑖) + 𝜂4(𝑖).
(7) For every limit ordinal 𝛼, 𝜂𝑘(𝛼) = 𝑠𝑢𝑝𝜄<𝛼{𝜂𝑘(𝜄)} for 𝑘 ∈ {1, 2}.
(8) If 𝑠 < 𝜆 · 𝜆 and cf(𝑠) = 𝜆, then 𝑠𝑢𝑝(𝑟𝑎𝑛𝑔(𝜂5)) ∈ 𝐸.
(9) 𝜂1(𝑖) = 𝜂1(𝑗) implies 𝜂𝑘(𝑖) = 𝜂𝑘(𝑗) for 𝑘 ∈ {2, 3, 4}.

(10) If for some 𝑘 < 𝜆 · 𝜆, [𝑖, 𝑗) = 𝜂−1
1 {𝑘}, then

𝜂5 ↾ [𝑖, 𝑗) ∈ 𝐸𝑍
𝜂2(𝑖),𝜂3(𝑖)
𝜂4(𝑖)

.

Note that 9 implies 𝐸𝑍
𝜂2(𝑖),𝜂3(𝑖)
𝜂4(𝑖)

⊂ ℛ𝐸(𝛼, 𝜚, 𝑖)

(11) If 𝑠 = 𝜆 · 𝜆, then either
(a) there exists an ordinal number 𝑚 such that for every 𝑘 < 𝑚, 𝜂1(𝑘) <

𝜂1(𝑚), for every 𝑘′ ≥ 𝑚, 𝜂1(𝑘) = 𝜂1(𝑚), and the color of 𝜂 is deter-

mined by 𝐸𝑍
𝜂2(𝑚),𝜂3(𝑚)
𝜂4(𝑚) :

𝑐𝐸𝐻(𝜂) := 𝑐(𝜂5 ↾ [𝑚,𝜆 · 𝜆))

where 𝑐 is the colouring function of 𝐸𝑍
𝜂2(𝑚),𝜂3(𝑚)
𝜂4(𝑚) ;
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or
(b) there is no such ordinal 𝑚 and then 𝑐𝐸𝐻(𝜂) := 𝐻(sup(rng(𝜂5))).

Remark 3.4. Since 𝜂5 is increasing and sup(rng(𝜂3)) ≥ sup(rng(𝜂5)) ≥ sup(rng(𝜂2)),
sup(rng(𝜂2)) ≥ sup(rng(𝜂3)) and sup(rng(𝜂2)) ≥ sup(rng(𝜂4)), this leads us to

sup(rng(𝜂4)) ≤ sup(rng(𝜂3)) = sup(rng(𝜂5)) = sup(rng(𝜂2)).

Thus, if rng(𝜂1) = 𝜆 · 𝜆 and for 𝛿 < 𝜅 and 𝑘 < 5 are such that sup(rng(𝜂𝑘)) = 𝛿,
then also sup(rng(𝜂5)) = 𝛿.

Let 𝑆0, 𝑆1 ⊆ 𝑆𝜅
𝜆 be a partition of 𝑆𝜅

𝜆 into two disjoint stationary sets, and let
𝑆1 = ⊎𝑖<𝜅𝐸𝑖 be a partition of 𝑆1 into stationary sets. For all 𝑓 : 𝜅→ 𝜅 and 𝜎 < 𝜅
define

𝑆𝑓
𝜎 :=

{︃
𝑓−1{𝜎} ∩ 𝑆0 if 𝑓−1{𝜎} ∩ 𝑆0 is stationary ;

𝐸𝜎 Otherwise .

Fact 3.5. If 𝑓, 𝑔 are such that 𝑓 =𝜅
𝑆0
𝑔, then for all 𝜎 < 𝜅, 𝑆𝑓

𝜎 ̸= 𝐸𝜎 if and only if
𝑆𝑔
𝜎 ̸= 𝐸𝜎.

Proof. Assume, towards a contradiction, that there are 𝑓 and 𝑔 such that 𝑓 =𝜅
𝑆0
𝑔,

and there is 𝜎 ∈ 𝑆0 such that 𝑆𝑓
𝜎 = 𝐸𝜎 and 𝑆𝑔

𝜎 ̸= 𝐸𝜎. From the construction,
𝑆𝑔
𝜎 = 𝑔−1{𝜎} ∩ 𝑆0 is stationary. Thus there is a club 𝐶 ⊆ 𝜅 such that for all
𝛼 ∈ 𝐶 ∩ 𝑆0, 𝑓(𝛼) = 𝑔(𝛼). Therefore, 𝑔−1{𝜎} ∩ 𝑆0 ∩ 𝐶 is stationary and for
all 𝛼 ∈ 𝑔−1{𝜎} ∩ 𝑆0 ∩ 𝐶, 𝑓(𝛼) = 𝑔(𝛼) = 𝜎. We conclude that 𝑓−1{𝜎} ∩ 𝑆0 is
stationary, so 𝑓−1{𝜎} ∩ 𝑆0 = 𝑆𝑓

𝜎 = 𝐸𝜎, a contradiction. □

For all 𝑓 : 𝜅 → 𝜅 and 𝜎 < 𝜅 we define (𝐼𝑓𝜎 , 𝑐
𝑓
𝜎) as the coloured tree (𝐽𝐸𝜎

𝐻 , 𝑐𝐸𝜎

𝐻 ),
where 𝐻 ∈ 2𝜅 is the function that satisfies

𝐻(𝛼) = 1 ⇔ 𝛼 ∈ 𝑆𝑓
𝜎 .

We will write 𝐸 when it is clear that it is 𝐸𝜎.

Notation 3.6. For all 𝜎 < 𝜅, denote by ℬ(𝐼𝑓𝜎 ) the set of leaves of 𝐼𝑓𝜎 . In addition,
for all 𝛼 < 𝜅 let us define (𝐼𝑓𝜎 )

𝛼 = {𝜂 ∈ 𝐼𝑓𝜎 |𝑟𝑎𝑛𝑔(𝜂) ⊂ (𝜆 ·𝜆)×(𝜄)4 for some 𝜄 < 𝛼}.

The following fact can be proved following the proof of [2] Claim 2.6 or [4] Claim
4.8, no changes are needed.

Fact 3.7. Suppose 𝜉 ∈ (𝐼𝑓𝜎 )
𝛼 and 𝜂 ∈ 𝐼𝑓𝜎 . If dom(𝜉) is a successor ordinal smaller

than 𝜆 ·𝜆, 𝜉 ⊊ 𝜂 and for every 𝑘 in dom(𝜂)∖dom(𝜉), 𝜂1(𝑘) = 𝜉1(𝑚𝑎𝑥(dom(𝜉))) and
𝜂1(𝑘) > 0, then 𝜂 ∈ (𝐼𝑓𝜎 )

𝛼.

Lemma 3.8. If 𝑓, 𝑔 are such that 𝑓 =𝜅
𝑆0
𝑔, then for all 𝜎 < 𝜅, 𝐼𝑓𝜎

∼= 𝐼𝑔𝜎.

Proof. Suppose that 𝑓, 𝑔 are such that 𝑓 =𝜅
𝑆0
𝑔. Let 𝐶 be a club such that 𝐶∩𝑆0 ⊆

{𝛼 < 𝜅 | 𝑓(𝛼) = 𝑔(𝛼)}. If 𝜎 < 𝜅 is such that 𝑆𝑓
𝜎 = 𝐸𝜎, then by Lemma 3.5, 𝑆𝑔

𝜎 = 𝐸𝜎

and 𝐼𝑓𝜎
∼= 𝐼𝑔𝜎. We are missing the case when 𝜎 < 𝜅 is such that 𝑆𝑓

𝜎 , 𝑆
𝑔
𝜎 ̸= 𝐸𝜎. Since

𝑆𝑓
𝜎 , 𝑆

𝑔
𝜎 ̸= 𝐸𝜎, 𝑆

𝑓
𝜎 and 𝑆𝑔

𝜎 are stationary. Thus 𝑓 and 𝑔 are equivalent modulo 𝑆𝑓
𝜎

and 𝑆𝑔
𝜎. The proof follows as in [2] and [9].

□

Definition 3.9. Let 𝛾 be an ordinal smaller than 𝜅. Let 𝐾𝛾
𝑡𝑟 be the class of models

(𝐴,≺, (𝑃𝑛)𝑛≤𝛾 , <,∧), where:
(1) There is a linear order (ℐ, <ℐ) such that 𝐴 ⊆ ℐ≤𝛾 .
(2) 𝐴 is closed under initial segment.
(3) ≺ is the initial segment relation.
(4) ∧(𝜂, 𝜉) is the maximal common initial segment of 𝜂 and 𝜉.
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(5) Let 𝑙𝑔(𝜂) be the length of 𝜂 (i.e. the domain of 𝜂) and 𝑃𝑛 = {𝜂 ∈ 𝐴 |
𝑙𝑔(𝜂) = 𝑛} for 𝑛 ≤ 𝛾.

(6) For every 𝜂 ∈ 𝐴 with 𝑙𝑔(𝜂) < 𝛾, define 𝑆𝑢𝑐𝐴(𝜂) as {𝜉 ∈ 𝐴 | 𝜂 ≺ 𝜉 & 𝑙𝑔(𝜉) =
𝑙𝑔(𝜂) + 1}. < is

⋃︀
𝜂∈𝐴(< ↾𝑆𝑢𝑐𝐴(𝜂)), i.e. if 𝜉 < 𝜁, then there is 𝜂 ∈ 𝐴 such

that 𝜉, 𝜁 ∈ 𝑆𝑢𝑐𝐴(𝜂).
(7) For all 𝜂 ∈ 𝐴∖𝑃𝛾 , < ↾𝑆𝑢𝑐𝐴(𝜂) is the induced linear order from ℐ, i.e.

𝜂⌢⟨𝑥⟩ < 𝜂⌢⟨𝑦⟩ ⇔ 𝑥 <ℐ 𝑦.

(8) If 𝜂 and 𝜉 have no immediate predecessor and {𝜁 ∈ 𝐴 | 𝜁 ≺ 𝜂} = {𝜁 ∈ 𝐴 |
𝜁 ≺ 𝜉}, then 𝜂 = 𝜉.

For all 𝑓 : 𝜅 → 𝜅 and 𝜎 < 𝜅, we will use 𝐼𝑓𝜎 to construct 𝐴𝑓
𝜎, an element of

𝐾𝜆·𝜆
𝑡𝑟 . Let us denote by acc(𝜅) = {𝛼 < 𝜅 | 𝛼 = 0 or 𝛼 is a limit ordinal}. For all

𝛼 ∈ acc(𝜅) and 𝜂 ∈ (𝐼𝑓𝜎 )
𝛼 with dom(𝜂) = 𝑚 < 𝜆 · 𝜆 define

𝑊𝛼
𝜂 = {𝜁 | dom(𝜁) = [𝑚, 𝑠),𝑚 ≤ 𝑠 ≤ 𝜆 · 𝜆, 𝜂⌢𝜁 ∈ (𝐼𝑓𝜎 )

𝛼+𝜔, 𝜂⌢⟨𝑚, 𝜁(𝑚)⟩ /∈ (𝐼𝑓𝜎 )
𝛼}.

Notice that by the way 𝐼𝑓𝜎 was constructed, for every 𝜂 ∈ 𝐼𝑓𝜎 with domain smaller
than 𝜆 · 𝜆 and 𝛼 < 𝜅, the set

{(𝜗1, 𝜗2, 𝜗3, 𝜗4, 𝜗5) ∈ (𝜆 · 𝜆× 𝜅4)∖(𝜆 · 𝜆× 𝛼4) | 𝜂⌢(𝜗1, 𝜗2, 𝜗3, 𝜗4, 𝜗5) ∈ (𝐼𝑓𝜎 )
𝛼+𝜔}

is either empty or has size 𝜔. Let 𝜍𝛼𝜂 be an enumeration of this set, when this set
is not empty.

Let us denote by T = (𝜅× 𝜔 × acc(𝜅)× (𝜆 · 𝜆)× 𝜅× 𝜅× 𝜅× 𝜅)≤𝜆·𝜆. For every
𝜉 ∈ T there are functions {𝜉𝑖 ∈ 𝜅≤𝜆·𝜆 | 0 < 𝑖 ≤ 8} such that for all 𝑖 ≤ 8, dom(𝜉𝑖) =
dom(𝜉) and for all 𝑛 ∈ dom(𝜉), 𝜉(𝑛) = (𝜉1(𝑛), 𝜉2(𝑛), 𝜉3(𝑛), 𝜉4(𝑛), 𝜉5(𝑛), 𝜉6(𝑛), 𝜉7(𝑛), 𝜉8(𝑛)).
For every 𝜉 ∈ T let us denote (𝜉4, 𝜉5, 𝜉6, 𝜉7, 𝜉8) by 𝜉.

Definition 3.10. For all 𝛼 ∈ acc(𝜅) and 𝜂 ∈ T with 𝜂 ∈ 𝐼𝑓𝜎 , dom(𝜂) = 𝑚 < 𝜆 · 𝜆
define Γ𝛼

𝜂 as follows:

If 𝜂 ∈ (𝐼𝑓𝜎 )
𝛼, then Γ𝛼

𝜂 is the set of elements 𝜉 of T such that:

(1) 𝜉 ↾𝑚 = 𝜂,
(2) 𝜉 ↾ dom(𝜉)∖𝑚 ∈𝑊𝛼

𝜂 ,
(3) 𝜉3 is constant on dom(𝜉)∖𝑚,
(4) 𝜉3(𝑚) = 𝛼,
(5) for all 𝑛 ∈ dom(𝜉)∖𝑚, let 𝜉2(𝑛) be the unique 𝑟 < 𝜔 such that 𝜍𝛼𝜁 (𝑟) = 𝜉(𝑛),

where 𝜁 = 𝜉 ↾ 𝑛.

If 𝜂 /∈ (𝐼𝑓𝜎 )
𝛼, then Γ𝛼

𝜂 = ∅.

For 𝜂 ∈ T with 𝜂 ∈ 𝐼𝑓𝜎 , dom(𝜂) = 𝑚 < 𝜆 · 𝜆 define

Γ(𝜂) =
⋃︁

𝛼∈acc(𝜅)

Γ𝛼
𝜂 .

Finally we can define 𝐴𝑓
𝜎 by induction. Let I𝑓𝜎(0) = {∅} and for all 𝑛 < 𝜆 · 𝜆,

I𝑓𝜎(𝑛+ 1) = I𝑓𝜎(𝑛) ∪
⋃︁

𝜂∈I𝑓𝜎(𝑛) dom(𝜂)=𝑛

Γ(𝜂).

For 𝑛 ≤ 𝜆 · 𝜆 a limit ordinal,

Ī𝑓𝜎(𝑛) =
⋃︁

𝑚<𝑛

I𝑓𝜎(𝑚)

and

I𝑓𝜎(𝑛) = Ī𝑓𝜎(𝑛) ∪ {𝜂 ∈ T | dom(𝜂) = 𝑛 & ∀𝑚 < 𝑛 (𝜂 ↾𝑚 ∈ Ī𝑓𝜎(𝑛)) & 𝜂 ∈ 𝐼𝑓𝜎}.
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For 0 < 𝑖 ≤ 8 let us denote by 𝑠𝑖(𝜂) = 𝑠𝑢𝑝{𝜂𝑖(𝑛) | 𝑛 < 𝜆 · 𝜆} and 𝑠𝜆·𝜆(𝜂) =
𝑚𝑎𝑥{𝑠𝑖(𝜂) | 𝑖 ≤ 8}. Finally

𝐴𝑓
𝜎 = I𝑓𝜎(𝜆 · 𝜆).

Define the color function 𝑑𝑓𝜎 by

𝑑𝑓𝜎(𝜂) =

{︃
𝑐𝑓𝜎(𝜂) if 𝑠1(𝜂) < 𝑠𝜆·𝜆(𝜂)

𝐻(𝑠1(𝜂)) if 𝑠1(𝜂) = 𝑠𝜆·𝜆(𝜂).

Recall that 𝐻 is the function used to construct 𝐼𝑓𝜎 , i.e. (𝐼𝑓𝜎 , 𝑐
𝑓
𝜎) = (𝐽𝐸

𝐻 , 𝑐
𝐸
𝐻). It is

clear that 𝐴𝑓
𝜎 is closed under initial segments, indeed the relations ≺, (𝑃𝑛)𝑛≤𝜆·𝜆,

and ∧ of Definition 3.9 have a canonical interpretation in 𝐴𝑓
𝜎.

We are missing to define < ↾𝑆𝑢𝑐𝐴𝑓
𝜎
(𝜂) for all 𝜂 ∈ 𝐴𝑓

𝜎 with domain smaller than

𝜆 ·𝜆. From [9] Remark 3.15 and Theorem 3.16, for all 𝜀 < 𝜅, there is a linear order
ℐ such that:

∙ ℐ is 𝜀-dense, (< 𝜅)-stable, and (𝜅, 𝜀)-nice (see below).
∙ For all 𝜂 ∈ 𝐴𝑓

𝜎, < ↾𝑆𝑢𝑐𝐴𝑓
𝜎
(𝜂) is isomorphic to ℐ.

∙ If 𝑓, 𝑔 and 𝜎 are such that 𝐼𝑓𝜎
∼= 𝐼𝑔𝜎, then for all 𝜎 < 𝜅, 𝐴𝑓

𝜎
∼= 𝐴𝑔

𝜎.

Definition 3.11. Let 𝜀 < 𝜅 be a regular cardinal, 𝐴 be a linear order of size 𝜅 and
⟨𝐴𝛼 | 𝛼 < 𝜅⟩ a filtration. Then 𝐴 is (𝜅, 𝜀)-nice if there is a club 𝐶 ⊆ 𝜅, such that
for all limit 𝛿 ∈ 𝐶 with 𝑐𝑓(𝛿) ≥ 𝜀, for all 𝑥 ∈ 𝐴 there is 𝛽 < 𝛿 such that one of the
following holds:

∙ ∀𝜎 ∈ 𝐴𝛿[𝜎 ≥ 𝑥⇒ ∃𝜎′ ∈ 𝐴𝛽 (𝜎 ≥ 𝜎′ ≥ 𝑥)]
∙ ∀𝜎 ∈ 𝐴𝛿[𝜎 ≤ 𝑥⇒ ∃𝜎′ ∈ 𝐴𝛽 (𝜎 ≤ 𝜎′ ≤ 𝑥)]

For any ℒ-structure 𝒜 we denote by bs the set of basic formulas of ℒ (atomic
formulas and negation of atomic formulas). For all ℒ-structure 𝒜, 𝑎 ∈ 𝒜, and
𝐵 ⊆ 𝒜 we define

𝑡𝑝𝑏𝑠(𝑎,𝐵,𝒜) = {𝜙(𝑥, 𝑏) | 𝒜 |= 𝜙(𝑎, 𝑏), 𝜙 ∈ 𝑏𝑠, 𝑏 ∈ 𝐵}.

Similarly we define 𝑡𝑝𝑎𝑡(𝑎,𝐵,𝒜) for atomic formulas.

Definition 3.12. A linear order 𝐴 is (< 𝜅)-stable if for every 𝐵 ⊆ 𝐴 of size smaller
than 𝜅,

𝜅 > |{𝑡𝑝𝑏𝑠(𝑎,𝐵,𝐴) | 𝑎 ∈ 𝐴}|.

Definition 3.13. Let 𝐼 be a linear order of size 𝜅 and 𝜀 a regular cardinal smaller
than 𝜅. We say that 𝐼 is 𝜀-dense if the following holds.

If 𝐴,𝐵 ⊆ 𝐼 are subsets of size less than 𝜀 such that for all 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵,
𝑎 < 𝑏, then there is 𝑐 ∈ 𝐼, such that for all 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵, 𝑎 < 𝑐 < 𝑏.

Let us define the following filtration:

(𝐴𝑓
𝜎)

𝛼 = {𝜂 ∈ 𝐴𝑓
𝜎 | rng(𝜂) ⊆ 𝜗× 𝜔 × 𝜗× (𝜆 · 𝜆)× 𝜗4 for some 𝜗 < 𝛼}.

Notice that for all 𝑓, 𝑔 ∈ 𝜅𝜅 and 𝛼, 𝜎 < 𝜅, 𝑓 ↾𝛼 = 𝑔↾𝛼 if and only if (𝐼𝑓𝜎 )
𝛼 = (𝐼𝑔𝜎)

𝛼.
Thus, 𝑓 ↾ 𝛼 = 𝑔 ↾ 𝛼 if and only if (𝐴𝑓

𝜎)
𝛼 = (𝐴𝑔

𝜎)
𝛼.

Let us construct the tree 𝑇 𝑓 . The construction shall use the following definition.

Definition 3.14. Let ⟨(𝑇𝜎,≺𝜎) | 𝜎 < 𝜅⟩ be a sequence of trees of height 𝛼 < 𝜅.
The disjoint union tree denoted by

⋁︀
𝜎<𝜅 𝑇𝜎 := ((

⨄︀
𝜎<𝜅 𝑇𝜎 × {𝜎}) ∪ {∅},≺) where

𝑡 ≺ 𝑠 if, and only if either 𝑡 = ∅ or there exists 𝜎 < 𝜅 such that 𝑡, 𝑠 ∈ 𝑇𝜎 and 𝑡 ≺𝜎 𝑠.
Briefly, we shall define for each 𝜎 < 𝜅 a 𝜅+, (𝜆 ·𝜆)+2 tree 𝑇 𝑓

𝜎 which will witness
the fact 𝑓−1{𝜎} is stationary and then take their disjoint union as our colored tree
of interest.
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For each 𝜎 < 𝜅 let

𝑇 𝑓
𝜎 = 𝐴𝑓

𝜎∖{𝜂 ∈ 𝐴𝑓
𝜎 | dom(𝜂) = 𝜆 · 𝜆 & 𝑑𝑓𝜎(𝜂) = 0}

from the previous results, if 𝑓, 𝑔 are such that 𝑓 =𝜅
𝑆0
𝑔, then for all 𝜎 < 𝜅, 𝑇 𝑓

𝜎
∼= 𝑇 𝑔

𝜎 .

Let 𝑇 𝑓 :=
⋁︀

𝜎<𝜅 𝑇
𝑓
𝜎 . Clearly if 𝑓, 𝑔 are such that 𝑓 =𝜅

𝑆0
𝑔, then 𝑇 𝑓 ∼= 𝑇 𝑔.

Notation 3.15. For all 𝜎 < 𝜅, denote by ℬ(𝑇 𝑓
𝜎 ) the set of leafs of 𝑇 𝑓

𝜎 . Similar
ℬ(𝑇 𝑓 ) is the set of leafs of 𝑇 𝑓 . In addition, for all 𝛼 < 𝜅 and for all 𝜎 < 𝜅, let us
define (𝑇 𝑓

𝜎 )
𝛼 = 𝑇 𝑓

𝜎 ∩ (𝐴𝑓
𝜎)

𝛼 and (𝑇 𝑓 )𝛼 =
⋃︀

𝜎<𝛼(𝑇
𝑓
𝜎 )

𝛼.

Definition 3.16. Let 𝜀 < 𝜅 be a regular cardinal.

∙ 𝐴 ∈ 𝐾𝜆·𝜆
𝑡𝑟 of size at most 𝜅, is locally (𝜅, 𝜀)-nice if for every 𝜂 ∈ 𝐴∖𝑃𝐴

𝜆·𝜆,
(𝑆𝑢𝑐𝐴(𝜂), <) is (𝜅, 𝜀)-nice, 𝑆𝑢𝑐𝐴(𝜂) is infinite, and there is 𝜉 ∈ 𝑃𝐴

𝜆·𝜆 such
that 𝜂 ≺ 𝜉.

∙ 𝐴 ∈ 𝐾𝜆·𝜆
𝑡𝑟 is (< 𝜅)-stable if for every 𝐵 ⊆ 𝐴 of size smaller than 𝜅,

𝜅 > |{𝑡𝑝𝑏𝑠(𝑎,𝐵,𝐴) | 𝑎 ∈ 𝐴}|.

Lemma 3.17. For any 𝑓 ∈ 𝜅𝜅, 𝑇 𝑓 is a locally (𝜅, 𝜀)-nice and (< 𝜅)-stable ordered
tree and satisfies: If 𝑓, 𝑔 are such that 𝑓 =𝜅

𝑆0
𝑔, then 𝑇 𝑓 ∼= 𝑇 𝑔.

Proof. It is clear that the only thing left to prove is that for all 𝜂 ∈ 𝑇 𝑓∖𝑃𝑇 𝑓

𝜆·𝜆 there

is 𝜉 ∈ 𝑃𝑇 𝑓

𝜆·𝜆 such that 𝜂 ≺ 𝜉. From Definition 3.3 (8), is enough to show that for all
𝛼 < 𝜅 there is an increasing sequence ⟨𝛽𝑖 | 𝑖 < 𝜆⟩ such that from all 𝑖 < 𝜆, 𝛽𝑖 ∈ 𝐸𝜎

and
⋃︀

𝑖<𝜆 𝛽𝑖 ∈ 𝑆𝑓
𝜎 . This follows from the fact that 𝑆𝑓

𝜎 is a stationary set for all

𝜎 < 𝜅 and 𝐸𝜎 is a stationary set either equal to 𝑆𝑓
𝜎 or disjoint to 𝑆𝑓

𝜎 . □

The following rather simple lemma will prove itself useful for us.

Lemma 3.18. Let 𝜎 < 𝛽 < 𝜅 and 𝜂 be such that 𝜂 ∈ ℬ(𝑇 𝑓
𝜎 ) ∖ (𝑇 𝑓 )𝛽. If there is no

𝜏 ′ < 𝜆 · 𝜆+ 1 such that 𝜂 ↾ 𝜏 ′ ∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽, then there exist 𝜏 < 𝜆 · 𝜆 with
the following properties:

(1) 𝜂 ↾ 𝜏 ∈ (𝑇 𝑓 )𝛽;
(2) 𝜂 ↾ (𝜏 + 1) /∈ (𝑇 𝑓 )𝛽;
(3) sup(rng 𝜂8 ↾ 𝜏) < 𝛽.

Proof. Let 𝛽, 𝜎, and 𝜂 be as above. Let us denote 𝛿 := sup(rng(𝜂8)). Since
𝜂 ∈ ℬ(𝑇 𝑓

𝜎 ) ∖ (𝑇 𝑓 )𝛽 , 𝛿 > 𝛽. Let 𝜏 := sup{𝜏 ′ < 𝜆 · 𝜆+ 1 | sup(rng 𝜂8 ↾ 𝜏 ′) < 𝛽}.
Notice that 𝜏 < 𝜆 · 𝜆, otherwise 𝛿 ≤ 𝛽. On the other side sup(rng 𝜂8 ↾ 𝜏) ≤ 𝛽.

Clearly rng8 𝜂 ↾ 𝜏 = 𝛽 if and only if 𝜂 ↾ 𝜏 ∈ acc((𝑇 𝑓 )𝛽)∖ (𝑇 𝑓 )𝛽 . By our assumptions,
there is no 𝜏 ′ < 𝜆 · 𝜆 + 1 such that 𝜂 ↾ 𝜏 ′ ∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽 , so (1) and (2)
follows.

Clearly (2) follows from the way we chose 𝜏 . □

4. Ehrenfeucht-Mostowski models

To construct model of non-classifiable theories we will adapt the ideas from [11],
[5], and [9] to our particular ordered colored trees.

Definition 4.1. Let ∆ be a set of formulas. Let 𝐴 andℳ be models, and𝑋 = {𝑎̄𝑠 |
𝑠 ∈ 𝐴} an indexed set of finite tuples of elements of ℳ. We say that 𝑋 is a set of
indiscernibles in ℳ relative to ∆, if the following holds:

If 𝑠, 𝑠′ are 𝑛-tuples of elements of 𝐴 and 𝑡𝑝𝑎𝑡(𝑠, ∅, 𝐴) = 𝑡𝑝𝑎𝑡(𝑠
′, ∅, 𝐴), then

𝑡𝑝Δ(𝑎̄𝑠, ∅,ℳ) = 𝑡𝑝Δ(𝑎̄𝑠′ , ∅,ℳ).

Here and from now on, 𝑠 = (𝑠0, . . . , 𝑠𝑛) is a tuple of elements of 𝐴, and 𝑎̄𝑠 denotes
𝑎̄𝑠0

⌢ · · ·⌢ 𝑎̄𝑠𝑛 .
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Definition 4.2 (Ehrenfeucht-Mostowski models). Let 𝒯 be a 𝐿𝜔𝜔-theory of vocab-
ulary 𝜏 , 𝑙 a dense linear order, ℳ a model of vocabulary 𝜏1, and 𝜙(𝑢̄, 𝑣) a formula
in some logic ℒ.

We say that ℳ is an Ehrenfeucht-Mostowski model of 𝒯 for 𝑙, where the order
is definable by 𝜙, if ℳ |= 𝒯 , 𝜏 ⊆ 𝜏1, and there is a natural number 𝑛 and 𝑛-tuples
of elements 𝑎̄𝑥 ∈ ℳ, 𝑥 ∈ 𝑙, such that the following hold:

(1) Every element of ℳ is of the form 𝜇(𝑎̄𝑥1 , . . . , 𝑎̄𝑥𝑚), where 𝜇 is a 𝜏1-term
and 𝑥1 < · · · < 𝑥𝑚.

(2) If 𝑥, 𝑦 ∈ 𝑙, then ℳ |= 𝜙(𝑎̄𝑥, 𝑎̄𝑦) if and only if 𝑥 < 𝑦.
(3) If 𝜓(𝑢̄1 . . . , 𝑢̄𝑚) is an atomic 𝜏1-formula, 𝑥1 < · · · < 𝑥𝑚 and 𝑦1 < · · · < 𝑦𝑚,

then
ℳ |= 𝜓(𝑎̄𝑥1

, . . . , 𝑎̄𝑥𝑚
) iff ℳ |= 𝜓(𝑎̄𝑦1

, . . . , 𝑎̄𝑦𝑚
).

Suppose 𝒯 is a theory such that for each dense linear order 𝑙, 𝒯 has an Ehrenfeucht-
Mostowski model where the order is definable by an 𝐿∞𝜔-formula. We will only
consider linear orders of some fixed set 𝐵. Let 𝑙𝐵 be a dense linear order such that
every linear order of 𝐵 is a submodel of 𝑙𝐵 . Let 𝐸𝑀1(𝑙𝐵), 𝜏

1, 𝜙, 𝑛, (𝑎̄𝑥)𝑥∈𝑙𝐵 be
such that the conditions of Definition 4.2 are satisfied for 𝑙𝐵 .

If 𝑙 ⊆ 𝑙𝐵 is dense, then we define 𝐸𝑀1(𝑙) as the submodel of 𝐸𝑀1(𝑙𝐵) generated
by 𝑎̄𝑥, 𝑥 ∈ 𝑙. Notice that 𝐸𝑀1(𝑙), 𝜏

1, 𝜙, 𝑛, (𝑎̄𝑥)𝑥∈𝑙 satisfy the conditions of
Definition 4.2 for 𝑙.

We call the linear order 𝑙 the index model of 𝐸𝑀1(𝑙). The indexed set (𝑎̄𝑥)𝑥∈𝑙

is the skeleton of 𝐸𝑀1(𝑙), and the tuples 𝑎̄𝑥, 𝑥 ∈ 𝑙, are the generating elements of
𝐸𝑀1(𝑙). Let us denote 𝐸𝑀(𝑙) = 𝐸𝑀1(𝑙) ↾ 𝜏 .

Suppose 𝒯 is a theory such that for each dense linear order 𝑙, 𝒯 has an Ehrenfeucht-
Mostowski model where the order is definable by an 𝐿∞𝜔1-formula, and 𝐵 contains
only 𝜔1-dense linear orders. Then we can define 𝐸𝑀1(𝑙) and 𝐸𝑀(𝑙) for all 𝑙 ∈ 𝐵
as above.

Fact 4.3 ([9, Fact 4.9]). For all 𝑓 ∈ 𝜅𝜅, 𝑇 𝑓 is 𝜀-homogeneous with respect to
quantifier free formulas.

Definition 4.4. Let 𝜀 ≤ 𝜆 be a regular cardinal. If 𝒯 is an unstable theory or a
superstable theory with DOP. Then for every 𝑓 ∈ 𝜅𝜅 define the order 𝐾(𝑓) by:

I. 𝑑𝑜𝑚 𝐾(𝑓) = (𝑑𝑜𝑚 𝑇 𝑓 × {0}) ∪ (𝑑𝑜𝑚 𝑇 𝑓 × {1}).
II. For all 𝜂 ∈ 𝑇 𝑓 , (𝜂, 0) <𝐾(𝑓) (𝜂, 1).

III. If 𝜂, 𝜉 ∈ 𝑇 𝑓 , then 𝜂 < 𝜉 if and only if (𝜂, 1) <𝐾(𝑓) (𝜉, 0).

IV. If 𝜂, 𝜉 ∈ 𝑇 𝑓 , then 𝜂 ≺ 𝜉 if and only if

(𝜂, 0) <𝐾(𝑓) (𝜉, 0) <𝐾(𝑓) (𝜉, 1) <𝐾(𝑓) (𝜂, 1).

In the case of 𝒯 being a superstable theory with OTOP, we define 𝐾(𝑓) in a
similar way modifying some items of Definition 4.4:

I’. 𝑑𝑜𝑚 𝐾(𝑓) = (𝑑𝑜𝑚 𝑇 𝑓 × {0}) ∪ {(𝜂, 1) | 𝜂 ∈ 𝑇 𝑓 & 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂)}.
II’. For all 𝜂 ∈ 𝑇 𝑓 such that 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂), (𝜂, 0) <𝐾(𝑓) (𝜂, 1).

III’. If 𝜂, 𝜉 ∈ 𝑇 𝑓 , then 𝜂 < 𝜉 if and only if (𝜂, 1) <𝐾(𝑓) (𝜉, 0).

IV’. If 𝜂, 𝜉 ∈ 𝑇 𝑓 such that 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜉) ∨ 𝑃𝜆·𝜆(𝜂), then 𝜂 ≺ 𝜉 if and only if

(𝜂, 0) <𝐾(𝑓) (𝜉, 0) <𝐾(𝑓) (𝜉, 1) <𝐾(𝑓) (𝜂, 1).

V’. If 𝜂, 𝜉 ∈ 𝑇 𝑓 such that 𝑇 𝑓 |= 𝑃𝜆·𝜆(𝜉) and 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂), then 𝜂 ≺ 𝜉 if and
only if

(𝜂, 0) <𝐾(𝑓) (𝜉, 0) <𝐾(𝑓) (𝜂, 1).

Fact 4.5 ([9, Lemma 4.14]). Suppose 𝒯 is a complete unstable theory in a countable
relational vocabulary 𝜏 . Let 𝜏1 be a Skolemization of 𝜏 , and 𝒯 1 be a complete theory
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in 𝜏1 extending 𝒯 and with Skolem-functions in 𝜏 . Then for every 𝑓 ∈ 2𝜅 there is

ℳ𝑓
1 |= 𝒯 1 with the following properties.

(1) There is a map ℋ : 𝑇 𝑓 → (𝑑𝑜𝑚 ℳ𝑓
1 )

𝑛 for some 𝑛 < 𝜔, 𝜂 ↦→ 𝑎𝜂, such that

ℳ𝑓
1 is the Skolem hull of {𝑎𝜂 | 𝜂 ∈ 𝑇 𝑓}. Let us denote {𝑎𝜂 | 𝜂 ∈ 𝑇 𝑓} by

𝑆𝑘(ℳ𝑓
1 ).

(2) ℳ𝑓 = ℳ𝑓
1 ↾ 𝜏 is a model of 𝒯 .

(3) 𝑆𝑘(ℳ𝑓
1 ) is indiscernible in ℳ𝑓

1 relative to 𝐿𝜔𝜔.
(4) There is a formula 𝜙 ∈ 𝐿𝜔𝜔(𝜏) such that for all 𝜂, 𝜈 ∈ 𝑇 𝑓 and 𝑚 < 𝜆 · 𝜆,

if 𝑇 𝑓 |= 𝑃𝑚(𝜂) ∧ 𝑃𝜆·𝜆(𝜈), then ℳ𝑓 |= 𝜙(𝑎𝜈 , 𝑎𝜂) if and only if 𝑇 𝑓 |= 𝜂 ≺ 𝜈.

There are corespondent Facts for superstable theories with OTOP or DOP. In
the OTOP case the only change is 𝐿𝜔𝜔 for 𝐿∞𝜔. In the DOP case, 𝐿𝜔𝜔 changes
for 𝐿𝜔1𝜔1 and 𝜀 = 𝜔1. In particular, in the case of DOP, 𝜔1 ≤ 𝜆.

Let us define F* = {𝜂 ∈ F | ∀𝛼 > 0(𝜂(𝛼) < 𝛼)}. Let 𝒯 be an unstable theory
or a superstable non-classifiable theory. For all 𝑓 ∈ F*, let ℳ𝑓 be the model from
Fact 4.5 (or the respective one in the case of OTOP or DOP).

In the case of stable unsuperstable theories, the construction of the models should
follow the generalized Ehrenfeucht-Mostowski models (see [11] Theorem 1.3 and
[12] Chapter VII). The construction of such models depends on the existence of a
proper function Φ. Unfortunately, the argument in [12] for the existence of a proper
function, fails when the ordered tree has high 𝜔 · 𝜔 or higher.

Definition 4.6. Let 𝑇 ∈ 𝐾𝜆·𝜆
𝑡𝑟 , 𝐴 ⊆ 𝑇 and 𝜂 ∈ 𝑇 .

∙ We say that 𝐴 is downward closed if for all 𝜂 ∈ 𝐴, 𝜂 ↾𝑚 ∈ 𝐴 if 𝑚 < 𝑙𝑔(𝜂).
∙ Let 𝜂↓ = (𝜂 ↾ 𝛼)𝛼≤𝑙𝑔(𝜂).

Lemma 4.7. Let 𝑇 ∈ 𝐾𝜆·𝜆
𝑡𝑟 , 𝐴 ⊆ 𝑇 downward closed. Let 𝜂⃗0 := ⟨𝜂𝑖0 | 𝑖 < 𝑛⟩ and

𝜂⃗1 := ⟨𝜂𝑖1 | 𝑖 < 𝑛⟩ two sequences of elements in 𝑇 . If the following holds,

(1) tpbs(𝜂⃗0, ∅, 𝑇 ) = tpbs(𝜂⃗1, ∅, 𝑇 );
(2) for all 𝑖 < 𝑛, tpbs((𝜂

𝑖
0)

↓, 𝐴, (𝑇,≺, <)) = tpbs((𝜂
𝑖
1)

↓, 𝐴, (𝑇,≺, <)).
Then,

tpbs(𝜂⃗0, 𝐴, 𝑇 ) = tpbs(𝜂⃗1, 𝐴, 𝑇 ).

Proof. We define the map 𝜑 : 𝐴 ∪ (𝜂⃗0)
↓ → 𝐴 ∪ (𝜂⃗1)

↓ as follows: If 𝜂 ∈ 𝐴, then
𝜑(𝜂) = 𝜂. Otherwise, for 𝑖 < 𝑛, 𝜏 < dom(𝜂𝑖0) define 𝜑(𝜂

𝑖
0 ↾ 𝜏) = 𝜂𝑖1 ↾ 𝜏 .

Claim 4.7.1. 𝜑 is a well defined bijective map.

Proof. Suppose, 𝜂 ∈ 𝐴 and for some 𝑖 < 𝑛 and 𝜏 < dom(𝜂𝑖0), 𝜂 = 𝜂𝑖0 ↾ 𝜏 . Then, by
Clause (2), 𝑇 |= 𝜂 = 𝜂𝑖1 ↾𝜏 . Suppose now, that for distinct 𝑖, 𝑗 < 𝑛 and 𝜏 < dom(𝜂𝑖0)

𝜂𝑖0↾𝜏 = 𝜂𝑗0 ↾𝜏 . Then, there exist 𝜏
′ ≥ 𝜏 such that 𝑇 |= 𝑃𝜏 ′(∧(𝜂𝑖0, 𝜂

𝑗
0)). By Clause (1),

𝑇 |= 𝑃𝜏 ′(∧(𝜂𝑖0, 𝜂
𝑗
0)) and 𝜂

𝑖
1 ↾ 𝜏 = 𝜂𝑗1 ↾ 𝜏 . By a symmetrical argument the map 𝜑−1 is

well defined □

Since both dom(𝜑), rng(𝜑) are closed under ∧, they are submodels of 𝑇 . Thus,
if we manage to prove the following claim we are done.

Claim 4.7.2. The map 𝜑 preserves the relations ≺ and <.

Proof. Let 𝜂, 𝜈 ∈ dom(𝜑). Note that for any relation 𝑅 ∈ {≺, <} if both 𝜂, 𝜈 ∈ 𝐴
then the conclusion is trivial. So, assume that 𝜂 /∈ 𝐴. Let 𝑖 < 𝑛 and 𝜏 < dom(𝜂𝑖0)
be such that 𝜂 = 𝜂𝑖0 ↾ 𝜏 . We split into two cases depending on 𝑅:

▶ Suppose that 𝜂 ≺ 𝜈. Observe that 𝜈 /∈ 𝐴, otherwise by the downward closure
of 𝐴 we get 𝜂 ∈ 𝐴 as well. Therefore, there exist 𝑗 < 𝑛 and 𝜏 ′ ≤ dom(𝜂𝑗0) such that

𝜈 = 𝜂𝑗0 ↾ 𝜏
′. Since 𝜂 ≺ 𝜈, 𝜂𝑗0 ↾ 𝜏 = 𝜂. Therefore, 𝜂𝑗0 ↾ 𝜏 = 𝜂𝑖0 ↾ 𝜏 .
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Altogether,

𝜑(𝜂) = 𝜑(𝜂𝑖0 ↾ 𝜏) = 𝜑(𝜂𝑗0 ↾ 𝜏) = 𝜂𝑗1 ↾ 𝜏 ≺ 𝜂𝑗1 ↾ 𝜏
′ = 𝜑(𝜂𝑗0 ↾ 𝜏

′) = 𝜑(𝜈).

▶ Suppose now that 𝜂 < 𝜈. If 𝜈 ∈ 𝐴, then the conclusion follows from Clause (2)

of the lemma. Hence, suppose that 𝜈 /∈ 𝐴. Let 𝑗 < 𝑛 and 𝜏 ′ < dom(𝜂𝑗0) such that,

𝜏 = 𝜏 ′ + 1, 𝜂 = 𝜂𝑖0 ↾ 𝜏 , 𝜈 = 𝜂𝑗0 ↾ 𝜏 , and 𝜂 ↾ 𝜏
′ = 𝜈 ↾ 𝜏 ′. Since 𝑇 |= 𝑃𝜏 ′(∧(𝜂, 𝜈)) and

𝑇 |= 𝜂 < 𝜈, by clause (1) 𝑇 |= 𝑃𝜏 ′(∧(𝜂𝑖1 ↾ 𝜏, 𝜂
𝑗
1 ↾ 𝜏)) and 𝑇 |= 𝜂𝑖1 < 𝜂𝑗1. Therefore,

𝜑(𝜂) = 𝜂𝑖1 ↾ 𝜏 < 𝜂𝑗1 ↾ 𝜏 = 𝜑(𝜈).

□

The proof is now complete. □

Lemma 4.8. Let 𝑓, 𝑔 ∈ F*. If ℳ𝑓 and ℳ𝑔 are isomorphic, then 𝑓 =F
𝑆0
𝑔.

Proof. Let us assume, for the sake of contradiction, that ℳ𝑓 and ℳ𝑔 are isomor-
phic but 𝑓 ̸=F

𝑆0
𝑔. Thus, the set 𝑆 := {𝛿 ∈ 𝑆0 | 𝑓(𝛿) ̸= 𝑔(𝛿)} is stationary. Since

𝑓 ∈ F*, applying Fodor’s lemma on 𝑆, there exist 𝑆′ ⊆ 𝑆 stationary and 𝜎 < 𝜅
such that 𝑆′ ⊆ 𝑓−1{𝜎} and 𝑆𝑓

𝜎 ̸= 𝐸𝜎.

Claim 4.8.1. 𝑆′ ∩ 𝑆𝑔
𝜎 = ∅.

Proof. By definition, 𝑆𝑔
𝜎 ∈ {𝑔−1{𝜎}, 𝐸𝜎}. Since 𝑆′ ⊆ 𝑓−1{𝜎}∩𝑆, 𝑆′ ∩ 𝑔−1{𝜎} = ∅.

On the other hand, 𝑆′ ∩ 𝐸𝜎 ⊆ 𝑆0 ∩ 𝑆1 = ∅. □

Therefore, 𝑆′△𝑆𝑔
𝜎 is stationary, so 𝑆𝑓

𝜎△𝑆𝑔
𝜎 is stationary. For all 𝜎′ < 𝜅, we will

write 𝑆𝑓
𝜎′ ̸=NS 𝑆𝑔

𝜎′ when 𝑆𝑓
𝜎′△𝑆𝑔

𝜎′ is stationary. Thus, {𝜎′ < 𝜅 | 𝑆𝑓
𝜎′ ̸=NS 𝑆𝑔

𝜎′} is

nonempty, let Σ := min{𝜎′ < 𝜅 | 𝑆𝑓
𝜎′ ̸=NS 𝑆𝑔

𝜎′}.
Notice that, either 𝑆𝑔

Σ∖𝑆
𝑓
Σ ⊆ 𝑆0 is stationary, or 𝑆𝑓

Σ∖𝑆
𝑔
Σ ⊆ 𝑆0 is stationary. Since

otherwise, 𝑆𝑔
Σ = 𝐸Σ = 𝑆𝑓

Σ contradicting 𝑆𝑔
Σ ̸=NS 𝑆𝑓

Σ. Without loss of generality,

we may assume that 𝑆𝑓
Σ ⊆ 𝑆0 and 𝑆𝑓

Σ∖𝑆
𝑔
Σ is stationary. Let us denote by 𝜎𝑓 := Σ.

From the minimality of 𝜎𝑓 , for all 𝜎 < 𝜎𝑓 , 𝑆
𝑔
𝜎 =NS 𝑆𝑓

𝜎 and 𝑆𝑓
𝜎 ∩𝑆𝑓

𝜎𝑓
= ∅. Therefore,

there is a stationary subset 𝑆𝑓 ⊆ 𝑆𝑓
𝜎𝑓

such that 𝑆𝑓 ∩ (
⋃︀

𝜎≤𝜎𝑓
𝑆𝑔
𝜎) = ∅.

Since 𝑔 is regressive and 𝑆𝑓 is stationary, by Fodor’s lemma there is 𝜎 < 𝜅 such
that 𝑆𝑓 ∩ 𝑔−1{𝜎} is stationary. Let 𝜎𝑔 := min{𝜎 < 𝜅 | 𝑆𝑓 ∩ 𝑔−1{𝜎} is stationary }.
Since 𝑆𝑓 ∩ (

⋃︀
𝜎≤𝜎𝑓

𝑆𝑔
𝜎) is empty, we know 𝜎𝑔 > 𝜎𝑓 . Set 𝑆

𝑔 := 𝑆𝑓 ∩ 𝑔−1{𝜎𝑔}.
Let 𝐹 be an isomorphism from ℳ𝑔 to ℳ𝑓 . Let us denote by 𝑎̄𝜂 and 𝑏̄𝜉 the

elements of 𝑆𝑘(ℳ𝑔
1) and 𝑆𝑘(ℳ𝑓

1 ). For a sequence 𝑎̄ = (𝑎0, . . . , 𝑎𝑚) from ℳ𝑔 we
denote 𝐹 (𝑎̄) = (𝐹 (𝑎0), . . . , 𝐹 (𝑎𝑚)) and for a sequence 𝑣 = (𝑣0, . . . , 𝑣𝑚) from 𝑇 𝑓 we
denote 𝑏̄𝑣 = 𝑏̄⌢𝑣0 · · ·⌢ 𝑏̄𝑣𝑚 . For each 𝜂 ∈ 𝑇 𝑔 let

𝐹 (𝑎̄𝜂) = (𝜇0
𝜂(𝑏̄𝑣𝜂 ), . . . , 𝜇

𝑚
𝜂 (𝑏̄𝑣𝜂

)) = 𝜇̄𝜂(𝑏̄𝑣𝜂 ),

where 𝑚 = 𝑙𝑔(𝑎̄𝜂) − 1, 𝜇𝑖
𝜂 are 𝜏1-terms and 𝑣𝜂 is a finite sequence of elements of

𝑇 𝑓 . Let Π : 𝑇 𝑔 → [𝑇 𝑓 ]<𝜔 be the map given by

𝐹 (𝑎̄𝜂) = 𝜇̄𝜂(𝑏̄Π(𝜂)).

Recall Notation 3.15 for the definition of ℬ(𝑇 𝑔) and (𝑇 𝑓 )𝛼.
The following claim is the key of our proof:

Claim 4.8.2. For every 𝜂 ∈ ℬ(𝑇 𝑔) with 𝛿 := sup(rng(𝜂8)) in 𝑆
𝑔, there exist 𝜉 ⪯ 𝜂

in 𝑇 𝑔 such that, for all 𝑖 < len(Π(𝜂)) for all 𝜏 ≤ 𝜆 · 𝜆, for 𝛽 := sup(rng(𝜉8))
Π(𝜂)(𝑖) ↾ 𝜏 /∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽. In addition, if Π(𝜂)(𝑖) ∈ (𝑇 𝑓 )𝛿, then Π(𝜂)(𝑖) ∈
(𝑇 𝑓 )𝛽.
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Proof. Let 𝜂 ∈ ℬ(𝑇 𝑔) with 𝛿 := sup(rng(𝜂8)) in 𝑆
𝑔. Denote by 𝑛 := len(Π(𝜂)) and

for each 𝑖 < 𝑛, let 𝜈𝑖 := Π(𝜂)(𝑖). For each 𝑖 < 𝑛, we define 𝐵𝑖 ⊆ 𝛿 by the following
cases:

(1) 𝜈𝑖 ∈ (𝑇 𝑓 )𝛿: From the definition of the filtration, there is 𝛽 < 𝛿 such that
𝜈𝑖 ∈ (𝑇 𝑓 )𝛽 . Let 𝐵𝑖 be the singleton of the minimal ordinal 𝛽 such that
𝜈𝑖 ∈ (𝑇 𝑓 )𝛽 .

(2) 𝜈𝑖 ∈ (𝑇 𝑓 )𝛿 for some 𝛿 > 𝛿 and there is 𝜏 ≤ dom(𝜈𝑖) such that 𝜈𝑖 ↾ 𝜏 ∈
acc((𝑇 𝑓 )𝛿) ∖ (𝑇 𝑓 )𝛿. There is 𝑘 ≤ 8 sup(rng((𝜈𝑖 ↾ 𝜏)𝑘)) = 𝛿. By Remark 3.4,
sup(rng((𝜈𝑖 ↾ 𝜏)8)) = 𝛿. Let 𝐵𝑖 := acc(rng((𝜈𝑖)8 ↾ 𝜏)).

(3) Else, 𝜈𝑖 ∈ (𝑇 𝑓 )𝛿 for some 𝛿 > 𝛿 and there is no 𝜏 ≤ dom(𝜈𝑖) such that
𝜈𝑖 ↾ 𝜏 ∈ acc((𝑇 𝑓 )𝛿) ∖ (𝑇 𝑓 )𝛿. Let 𝐵𝑖 := acc(rng((𝜈𝑖)8 ↾ 𝜏)), where 𝜏 is as in
Lemma 3.18.

Notice that besides Clause (2), we have sup(𝐵𝑖) < 𝛿.
For all 𝑖 < 𝑛 satisfying Clause (2) and 𝜏 ≤ dom(𝜈𝑖) witnessing it, sup(rng((𝜈𝑖)8 ↾

𝜏)) = 𝛿. Since 𝛿 ∈ 𝑆𝑔, 𝛿 /∈ 𝑆1 and 𝜏 = dom(𝜈𝑖) = 𝜆 · 𝜆. Thus 𝜈𝑖 ∈ ℬ(𝑇 𝑓
𝜎𝑓
). Recall

that 𝜎𝑓 ̸= 𝜎𝑔. Thus, by the construction of 𝑇 𝑓 specifically Definition 3.3 clause (8),

𝐵𝑖 ∩ acc(rng(𝜂8)) ⊆ (𝐸𝜎𝑓
∪ {𝛿}) ∩ (𝐸𝜎𝑔

∪ {𝛿}) = {𝛿}.

Let us choose 𝛽 ∈ acc(rng(𝜂8)) ∩ 𝑆𝜆 such that for all 𝑖 < 𝑛 satisfying (1) or (3),
sup(𝐵𝑖) < 𝛽 < 𝛿, and set 𝜉 ⪯ 𝜂 such that 𝛽 = sup(rng(𝜉8))

Let us show that 𝜉 is the desired node. Fix 𝑖 < 𝑛 and 𝜏 ≤ 𝜆 · 𝜆 and denote
𝜁 := 𝜈𝑖 ↾ 𝜏 .

▶ Case Clause (1) holds for 𝑖: By the definition of 𝐵𝑖, 𝜁 ∈ (𝑇 𝑓 )𝛽 .
▶ Case Clause (3) holds for 𝑖: By the definition of 𝐵𝑖 and by the choice of 𝜏 ,

there are two subcases:

∙ 𝜏 ≤ 𝜏 . We have 𝜁 ⊆ 𝜈𝑖 ↾ 𝜏 ∈ (𝑇 𝑓 )𝛽 ,
∙ 𝜏 ≥ 𝜏 . We have 𝜈𝑖 ↾ 𝜏 ⊊ 𝜁, 𝜈𝑖 ↾ 𝜏 ∈ (𝑇 𝑓 )𝛿 and 𝜈𝑖 ↾ 𝜏 + 1 /∈ (𝑇 𝑓 )𝛿. So
𝜁 /∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽 .

▶ Case Clause (2) holds for 𝑖: Let us suppose, for the sake of contradiction,
that 𝜁 ∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽 . Therefore, by Remark 3.4 sup(rng(𝜁)8) = 𝛽 and
𝛽 ∈ acc(rng(𝜈𝑖)8). Recall that 𝛿 ∈ 𝑆𝑔. So 𝛿 ∈ 𝑆𝑓 ∩ 𝑔−1{𝜎𝑔}, and since 𝑆𝑔 is
stationary, 𝑔−1{𝜎𝑔} is stationary. We conclude that 𝛿 ∈ 𝑆𝑔

𝜎𝑔
and therefore by

construction, acc(rng(𝜂)8) ⊆ 𝐸𝜎𝑔
∪ {𝛿}. Thus 𝛽 ∈ 𝐸𝜎𝑔

.

On the other hand, 𝛿 ∈ 𝑆𝑓 so 𝛿 ∈ 𝑆𝑓
𝜎𝑓
. As 𝜈𝑖 ↾ 𝜏 ∈ acc((𝑇 𝑓 )𝛿) ∖ (𝑇 𝑓 )𝛿 and the

analysis above:

(4) 𝜏 = 𝜆 · 𝜆 and sup(rng((𝜈𝑖 ↾ 𝜏)8)) = 𝛿;
(5) 𝜈𝑖 ∈ ℬ(𝑇 𝑓

𝜎𝑓
);

(6) acc(rng((𝜈𝑖)8) ⊆ 𝐸𝜎𝑓
∪ {𝛿}.

Since 𝛽 ∈ acc(rng((𝜈𝑖)8)) ∖ {𝛿}, 𝛽 ∈ 𝐸𝜎𝑓
.

Altogether, 𝛽 ∈ 𝐸𝜎𝑓
∩ 𝐸𝜎𝑔

. But as 𝜎𝑓 ̸= 𝜎𝑔, 𝐸𝜎𝑓
∩ 𝐸𝜎𝑔

= ∅ which is a contra-
diction. □

For all 𝜂 ∈ 𝑇 𝑓 , 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂), and 𝛼 ≤ 𝜅 let

𝐵𝑓 (𝜂, 𝛼) = 𝑆𝑢𝑐𝑇 𝑓 (𝜂) ∩ (𝑇 𝑓 )𝛼.

It is clear that ⟨𝐵𝑓 (𝜂, 𝛼) | 𝛼 < 𝜅⟩ is a filtration of 𝑆𝑢𝑐𝑇 𝑓 (𝜂). By Theorem 3.17, 𝑇 𝑓 is
(𝜅, 𝜀)-nice, in particular 𝑆𝑢𝑐𝑇 𝑓 (𝜂) is isomorphic to ℐ. Since any two representations
coincide in a club, for any 𝜂 ∈ 𝑇 𝑓 there is a club 𝐶𝜂 such that for all 𝛿 ∈ 𝐶𝜂 with
cf(𝛿) ≥ 𝜀 and 𝜈 ∈ 𝑆𝑢𝑐𝑇 𝑓 (𝜂) there is 𝛽 < 𝛿 such that

∀𝑢 ∈ 𝐵𝑓 (𝜂, 𝛿) [𝑢 > 𝜈 ⇒ ∃𝑢′ ∈ 𝐵𝑓 (𝜂, 𝛽) (𝑢 ≥ 𝑢′ ≥ 𝜈)].
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Let

𝐶𝑓 = {𝛿 < 𝜅 | cf(𝛿) ≥ 𝜀 and for all 𝜂 ∈ (𝑇 𝑓 )𝛿, 𝛿 ∈ 𝐶𝜂}
and 𝐶𝑓 be 𝐶𝑓 closed under 𝛼-limits for 𝛼 < 𝜀. Notice that 𝐶𝑓 is a club that satisfies
that for all 𝛿 ∈ 𝐶𝑓 with cf(𝛿) ≥ 𝜀, 𝜂 ∈ 𝑇 𝑓 , 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂), and 𝜈 ∈ 𝑆𝑢𝑐𝑇 𝑓 (𝜂) there
is 𝛽 < 𝛿 such that,

∀𝑢 ∈ 𝐵𝑓 (𝜂, 𝛿) [𝑢 > 𝜈 ⇒ ∃𝑢′ ∈ 𝐵𝑓 (𝜂, 𝛽) (𝑢 ≥ 𝑢′ ≥ 𝜈)].

Let us define 𝐶𝑔 in a similar way.
Let

∙ 𝐶0 = 𝐶𝑓 ∩ 𝐶𝑔.
∙ 𝐶1 := {𝛿 ∈ 𝐶0 | ∀𝜂 ∈ 𝑇 𝑔(𝜂 ∈ (𝑇 𝑔)𝛿 implies Π(𝜂) ⊆ (𝑇 𝑓 )𝛿)}.
∙ 𝐶 ′

2 := {𝛿 ∈ 𝐶1 | ∀𝛼 < 𝛿 ∀𝜂 ∈ (𝑇 𝑔)𝛿 ∀𝑢0 ∈ 𝐵𝑔(𝜂, 𝜅) ∃𝑢1 ∈ 𝐵𝑔(𝜂, 𝛿)[︀
Π(𝑢0),Π(𝑢1) have the same atomic type over (𝑇 𝑓 )𝛼 and 𝜇̄𝑢0

= 𝜇̄𝑢1

]︀
}.

∙ 𝐶2 = {𝛿 ∈ 𝐶 ′
2 | cf(𝛿) ≥ 𝜆}

∙ 𝐶 = {𝛿 ∈ 𝐶2 | 𝛿 ∈ 𝐶2 & 𝛿 is a limit point of 𝐶2}.
It is clear that 𝐶0 and 𝐶1 are clubs. Since 𝑇 𝑓 is (< 𝜅)-stable ordered tree, there

are less than 𝜅 possible 𝑏𝑠-types of Π(𝑢0) over (𝑇
𝑓 )𝛼, and since |𝜏1| < 𝜅, there are

less than 𝜅 possible terms 𝜇̄𝑢0 , so 𝐶
′
2 is a club.

Thus,
(*) for all 𝛿 ∈ 𝐶, 𝜂 ∈ 𝑇 𝑓 , 𝑇 𝑓 ̸|= 𝑃𝜆·𝜆(𝜂), and 𝜈 ∈ 𝑆𝑢𝑐𝑇 𝑓 (𝜂) there is 𝛽 < 𝛿 such

that,

∀𝑢 ∈ 𝐵𝑓 (𝜂, 𝛿) [𝑢 > 𝜈 ⇒ ∃𝑢′ ∈ 𝐵𝑓 (𝜂, 𝛽) (𝑢 ≥ 𝑢′ ≥ 𝜈)].

Since 𝑆𝑔 ⊆ 𝑆0, and 𝑆1 and 𝑆
𝑔 are stationary, 𝑆1∩𝑆𝑔 = ∅ and there are 𝛿 ∈ 𝑆𝑔∩𝐶

and 𝜂 ∈ 𝑇 𝑔, such that:

I. 𝑇 𝑔 |= 𝑃𝜆·𝜆(𝜂).
II. 𝛿 = sup(𝜂8).
III. For all 𝑛 < 𝜆 · 𝜆, 𝜂 ↾ 𝑛 ∈ (𝑇 𝑔)𝛿.
IV. For all 𝛼 < 𝛿, there is 𝑚 < 𝜆 · 𝜆 such that 𝜂 ↾𝑚 /∈ (𝑇 𝑔)𝛼.
V. acc(rng(𝜂8)) ∩ 𝑆≥𝜆 ⊆ 𝐶.

By Claim 4.8.2 we may find 𝜂′ ∈ 𝑇 𝑔 such that,

(1) 𝜂′ ⪯ 𝜂;
(2) 𝛽 := sup(rng(𝜂′8));
(3) for all 𝑖 < len(Π(𝜂)) for all 𝜏 ≤ 𝜆 · 𝜆, Π(𝜂)(𝑖) ↾ 𝜏 /∈ acc((𝑇 𝑓 )𝛽) ∖ (𝑇 𝑓 )𝛽 .

Notice from the proof of Claim 4.8.2, that cf(𝛽) = 𝜆. From V. in the selection of 𝛿
and 𝜂, we have 𝛽 ∈ 𝐶. In particular it is a 𝜆-limit of 𝐶2.

Denote by 𝑛 := len(Π(𝜂)) and let ⟨𝜈𝑖 | 𝑖 < 𝑛⟩ be an enumeration of Π(𝜂). For all
𝑖 < 𝑛 we choose ordinals 𝛼𝑖 ∈ 𝐶2 ∩ 𝛿 and 𝜏𝑖 ≤ 𝜆 · 𝜆 according the following cases:

∙ If 𝜈𝑖 ∈ (𝑇 𝑓 )𝛿, then by Claim 4.8.2, 𝜈𝑖 ∈ (𝑇 𝑓 )𝛽 . Now, the definition of 𝛽,
implies the existence of 𝛼 ∈ 𝐶2 ∩ 𝛽 such that, 𝜈𝑖 ∈ (𝑇 𝑓 )𝛼. Set 𝛼𝑖 := 𝛼, and
𝜏𝑖 := dom(𝜈𝑖).

∙ If 𝜈𝑖 /∈ (𝑇 𝑓 )𝛿, then by Clause (3) above 𝜈𝑖 /∈ acc((𝑇 𝑓 )𝛽). Therefore 𝜈𝑖 ∈
(𝑇 𝑓 )𝛿

′
for some 𝛿′ > 𝛿 > 𝛽. So, since 𝛽 ∈ 𝐶, by (*), and by addressing

Lemma 3.18 with 𝜈𝑖 and 𝛽, we may find some ordinal 𝛼 ∈ 𝐶2 ∩ 𝛽 and
𝜏 ≤ len(𝜈𝑖) such that:

– 𝑤0 = 𝜈𝑖 ↾ 𝜏 ∈ (𝑇 𝑓 )𝛼 but 𝑤1 = 𝜈𝑖 ↾ (𝜏 + 1) /∈ (𝑇 𝑓 )𝛽 .
– (**) ∀𝑢 ∈ 𝐵𝑓 (𝑤0, 𝛽) [𝑢 > 𝑤1 ⇒ ∃𝑢′ ∈ 𝐵𝑓 (𝑤0, 𝛼) (𝑢 ≥ 𝑢′ ≥ 𝑤1)].

Set 𝛼𝑖 := 𝛼, 𝜏𝑖 := 𝜏 .

Denote 𝛼 := max{𝛼𝑖 | 𝑖 < 𝑛}. Since 𝛽 ∈ 𝐶, we may pick 𝛾 ∈ 𝐶2 ∩ 𝛽 above 𝛼.
Let 𝜏 < 𝜆 · 𝜆 be the maximal ordinal such that 𝜂 ↾ 𝜏 ∈ (𝑇 𝑔)𝛾 . Set 𝜂0 := 𝜂 ↾ (𝜏 + 1),
so 𝜂0 /∈ (𝑇 𝑔)𝛾 . Since 𝛾 ∈ 𝐶2, we can find 𝜂1 with the following properties:
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a. 𝜂1 ∈ (𝑇 𝑔)𝛾

b. dom(𝜂1) = 𝜏 + 1;
c. 𝜂0 ↾ 𝜏 = 𝜂1 ↾ 𝜏 ;
d. 𝜇̄𝜂0 = 𝜇̄𝜂1 ;
e. Π(𝜂0),Π(𝜂1) have the same atomic type over (𝑇 𝑓 )𝛼.

Notice that from a− c we can deduce that 𝜂1 ∈ 𝐵𝑔(𝜂 ↾ 𝜏, 𝛾). Since 𝛽 ∈ 𝐶1,
Π(𝜂0),Π(𝜂1) ∈ (𝑇 𝑓 )𝛽 .

Claim 4.8.3. tp𝑎𝑡(Π(𝜂0)
⌢Π(𝜂), ∅, 𝑇 𝑓 ) = tp𝑎𝑡(Π(𝜂1)

⌢Π(𝜂), ∅, 𝑇 𝑓 ).

Proof. By Lemma 4.7 it is enough to prove that for all 𝑖 < 𝑛,

tpbs((Π(𝜂0)𝑖)
↓, (Π(𝜂)𝑖)

↓, (𝑇 𝑓 ,≺, <)) = tpbs((Π(𝜂1)𝑖)
↓, (Π(𝜂)𝑖)

↓, (𝑇 𝑓 ,≺, <)).

Let 𝑖 < 𝑛 be fixed. Let 𝜈 = Π(𝜂)𝑘 ↾ 𝑟 ∈ (Π(𝜂)𝑘)
↓ and 𝜈0 = Π(𝜂0)𝑖 ↾ 𝑟0 ∈ (Π(𝜂0)𝑖)

↓.
𝜈0 = 𝜈: Since 𝜈0 ∈ (𝑇 𝑓 )𝛽 we have 𝜈 ∈ (𝑇 𝑓 )𝛽 . By the choice of 𝛼, 𝜈 ∈ (𝑇 𝑓 )𝛼 and

hence 𝜈0 ∈ (𝑇 𝑓 )𝛼. By e, 𝜈0 ⪯ Π(𝜂1)𝑖. In particular, 𝜈0 = 𝜈 = Π(𝜂1)𝑖 ↾ 𝑟0.
𝜈0, 𝜈 are ≺ compatible: If 𝜈0 ≺ 𝜈, then as in the previous case, we can conclude

that 𝜈0 ∈ (𝑇 𝑓 )𝛼. By e, we get that Π(𝜂1)𝑖 ↾ 𝑟1 = 𝜈0 ≺ 𝜈.
If 𝜈 ≺ 𝜈0, then since 𝜈0 ∈ (𝑇 𝑓 )𝛽 , 𝜈 ∈ (𝑇 𝑓 )𝛽 . So 𝜈 ∈ (𝑇 𝑓 )𝛼. By e, we conclude

that 𝜈 ≺ Π(𝜂1)𝑖 ↾ 𝑟0.
𝜈0, 𝜈 are < compatible: Since 𝜈0, 𝜈 are < compatible, 𝑟 = 𝑟0. If 𝜈 ∈ (𝑇 𝑓 )𝛼, then

by e, 𝜈0 < 𝜈 implies Π(𝜂1)𝑖 ↾ 𝑟0 < 𝜈, and 𝜈 < 𝜈0 implies 𝜈 < Π(𝜂1)𝑖 ↾ 𝑟0
Let us suppose that 𝜈 /∈ (𝑇 𝑓 )𝛼, so 𝜈 /∈ (𝑇 𝑓 )𝛿, 𝑟 = 𝜏+1, and 𝜈0↾𝜏 = 𝜈 ↾𝜏 ∈ (𝑇 𝑓 )𝛿.

Let us suppose, towards contradiction, that 𝜈0 < 𝜈 < Π(𝜂1)𝑖 ↾ 𝑟0 or Π(𝜂1)𝑖 ↾ 𝑟0 <
𝜈 < 𝜈0 holds.

Let us show the latest case, the other case is similar. Since

𝜈0 ⊆ Π(𝜂0)𝑖 ↾ 𝑟0 ⊆ Π(𝜂0)𝑖 ∈ (𝑇 𝑓 )𝛽 .

Applying (**) with 𝑢 = 𝜈0, 𝑤
0 = 𝜈 ↾ 𝜏 , and 𝑤1 = 𝜈, we have that there is 𝑢′ ∈

𝐵𝑓 (𝜈 ↾ 𝜏, 𝛼𝑖) such that 𝜈 ≤𝐼 𝑢
′ ≤𝐼 𝜈0. Thus Π(𝜂1)𝑖 ↾ 𝑟0 < 𝜈 ≤𝐼 𝑢

′ ≤𝐼 𝜈0, but
𝑢′ ∈ (𝑇 𝑓 )𝛼, a contradiction with e. □

From the previous claim and the way the models were constructed (recall the
formula 𝜙 from Fact 4.5), we know

ℳ𝑓
1 |= 𝜙(𝜇̄𝜂(𝑏̄Π(𝜂))

⌢𝜇̄𝜂0
(𝑏̄Π(𝜂0))) ⇔ 𝜙(𝜇̄𝜂(𝑏̄Π(𝜂))

⌢𝜇̄𝜂1
(𝑏̄Π(𝜂1)))

so

ℳ𝑔
1 |= 𝜙(𝑎̄⌢𝜂 𝑎̄𝜂0) ⇔ (𝜙(𝑎̄⌢𝜂 𝑎̄𝜂1)).

But, since 𝜂0 ⪯ 𝜂 and 𝜂1 ̸⪯ 𝜂, then

ℳ𝑔 |= 𝜙(𝑎̄⌢𝜂 𝑎̄𝜂0) ∧ ¬(𝜙(𝑎̄⌢𝜂 𝑎̄𝜂1)).

A contradiction, since ℳ𝑔 = ℳ𝑔
1 ↾ 𝜏 . □

5. Conclusions

Let us proceed to the proof of the main result.

Lemma 5.1. Let 𝒯 be a countable complete theory over a countable relational
vocabulary, and unstable or superstable non-classifiable. Let 𝜆 = 𝜔1 if 𝒯 has the
DOP, otherwise 𝜆 = 𝜔. There is a continuous function ℱ : F* → 𝜅𝜅 such that for
all 𝜂, 𝜉 ∈ F, 𝜂 =F

𝑆0
𝜉 if and only if ℱ(𝜂) ∼=𝒯 ℱ(𝜉).

Proof. From Lemma 3.17 and Lemma 4.8, for all 𝑓, 𝑔 ∈ F*, ℳ𝑓 and ℳ𝑔 are
isomorphic if and only if 𝑓 =F

𝑆0
𝑔.
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For every 𝑓 ∈ F*, we will construct a model ℳ𝑓 isomorphic to ℳ𝑓 . We will
also construct a function 𝒢 : {ℳ𝑓 | 𝑓 ∈ 2𝜅} → 2𝜅, such that 𝒜𝒢(ℳ𝑓 )

∼= ℳ𝑓 and
𝑓 ↦→ 𝒢(ℳ𝑓 ) is continuous.

Recall the definition of (𝑇 𝑔)𝛼 from Notation 3.15. Since 𝑓 ∈ F* and for all
𝛼, 𝜎 < 𝜅 𝑓 ↾ 𝛼 = 𝑔 ↾ 𝛼 if and only if (𝑇 𝑓

𝜎 )
𝛼 = (𝑇 𝑔

𝜎 )
𝛼,

𝑓 ↾ 𝛼 = 𝑔 ↾ 𝛼⇔ (𝑇 𝑓 )𝛼 = (𝑇 𝑔)𝛼.

For all 𝛼 < 𝜅, 𝐴 ∈ 𝐾𝜆·𝜆
𝑡𝑟 , and a filtration A = ⟨𝐴𝜄 | 𝜄 < 𝜅⟩ of 𝐴, let us denote by

𝐴𝛼 the set {𝑎𝑠 | 𝑠 ∈ 𝐴𝛼}, recall the construction of the models ℳ𝑓
1 . Since for all

𝛼 < 𝜅,

(𝑇 𝑓 )𝛼 = (𝑇 𝑔)𝛼 ⇔ 𝑆𝐻( ˜(𝑇 𝑓 )
𝛼
) = 𝑆𝐻( ˜(𝑇 𝑔)

𝛼
),

for all 𝑓 ∈ F* we can construct a tuple (ℳ𝑓 , 𝐹𝑓 ), where ℳ𝑓 is a model isomorphic
to ℳ𝑓 and 𝐹𝑓 : ℳ𝑓 → ℳ𝑓 is an isomorphism, that satisfies the following: denote

by ℳ𝑓,𝛼 the preimage 𝐹−1
𝑓 [𝑆𝐻( ˜(𝑇 𝑓 )

𝛼
) ↾ 𝜏 ] and

𝑓 ↾ 𝛼 = 𝑔 ↾ 𝛼⇔ ℳ𝑓,𝛼 = ℳ𝑔,𝛼.

For every 𝑓 ∈ F* there is a bijection 𝐸𝑓 : dom(ℳ𝑓 ) → 𝜅, such that for every
𝑓, 𝑔 ∈ F* and 𝛼 < 𝜅, if 𝑓 ↾ 𝛼 = 𝑔 ↾ 𝛼, then 𝐸𝑓 ↾ dom(ℳ𝑓,𝛼) = 𝐸𝑔 ↾ dom(ℳ𝑔,𝛼) (see
[7]). Let us denote by 𝜋 the bijection from Definition 1.4, define the function 𝒢 by:

𝒢(ℳ𝑓 )(𝛼) =

⎧⎪⎨⎪⎩
1 if 𝛼 = 𝜋(𝑚, 𝑎1, 𝑎2, . . . , 𝑎𝑛) and

ℳ𝑓 |= 𝑄𝑚(𝐸−1
𝑓 (𝑎1), 𝐸

−1
𝑓 (𝑎2), . . . , 𝐸

−1
𝑓 (𝑎𝑛))

0 otherwise.

To show that 𝐺 : F → 2𝜅, 𝐺(𝑓) = 𝒢(ℳ𝑓 ) is continuous, let [𝜁↾𝛼] be a basic open set
and 𝜉 ∈ 𝐺−1[[𝜁 ↾𝛼]]. There is 𝛽 < 𝜅 such that for all 𝜖 < 𝛼, if 𝜖 = 𝜋(𝑚, 𝑎1, . . . , 𝑎𝑛),
then 𝐸−1

𝜉 (𝑎𝑖) ∈ dom(ℳ𝜉,𝛽) holds for all 𝑖 ≤ 𝑛. Since for all 𝜂 ∈ [𝜉 ↾𝛽] it holds that
ℳ𝜂,𝛽 = ℳ𝜉,𝛽 , for any 𝜖 < 𝛼 that satisfies 𝜖 = 𝜋(𝑚, 𝑎1, . . . , 𝑎𝑛)

ℳ𝜂 |= 𝑄𝑚(𝐸−1
𝜂 (𝑎1), 𝐸

−1
𝜂 (𝑎2), . . . , 𝐸

−1
𝜂 (𝑎𝑛))

if and only if
ℳ𝜉 |= 𝑄𝑚(𝐸−1

𝜉 (𝑎1), 𝐸
−1
𝜉 (𝑎2), . . . , 𝐸

−1
𝜉 (𝑎𝑛)).

We conclude that 𝐺 is continuous. □

Theorem 5.2. Let 𝜅 be a strongly inaccessible cardinal. If 𝒯1 is a theory with
less than 𝜅 non-isomorphic models of size 𝜅 and 𝒯2 is unstable or superstable non-
classifiable theory, then ∼=𝒯1

→˓𝑐
∼=𝒯2

.

Proof. It follows from Proposition 2.2 and Lemma 5.1. □

Notice that for any stationary 𝑆 ⊆ 𝜅, =F
𝑆0

is bireducible with =F
𝑆0

∩ (F* × F*).
This is witness by the identity and the function:

ℱ(𝜂)(𝛼) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜂(𝛼) if 𝜔 ≤ 𝜂(𝛼) < 𝛼

𝜂(𝛼) + 1 if 𝜂(𝛼) < 𝜔 ≤ 𝛼

0 if 𝜔 ≤ 𝛼 ≤ 𝜂(𝛼)

0 othewise.

Proposition 5.3. For all 𝑓 ∈ F and 𝜆 < 𝜅, 𝑓 =F
𝑆0
𝑔 if and only if 𝑇 𝑓 ∼= 𝑇 𝑔.

Proof. From Lemma 3.17, 𝑓 =F
𝑆0
𝑔 implies 𝑇 𝑓 ∼= 𝑇 𝑔. For the other direction, let

𝒯 be a countable complete unstable theory over a countable relational vocabulary.
Let us suppose, towards contradiction, that 𝑓 ̸=F

𝑆0
𝑔 and 𝑇 𝑓 ∼= 𝑇 𝑔. Since 𝑇 𝑓 ∼= 𝑇 𝑔,

ℳ𝑓 and ℳ𝑔 are isomorphic. From Lemma 4.8, we conclude that 𝑓 =F
𝑆0

𝑔, a
contradiction. □
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